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Abstract
We consider Hilbert series of ordinary Lie algebras, restricted (or p-) Lie algebras,
and color Lie (p-)superalgebras. We derive a dimension formula similar to a well-
known Witt’s formula for free color Lie superalgebras and a certain class of color Lie
p-superalgebras. A Lie (super)algebra analogue of a well-known Schreier’s formula
for the rank of a subgroup of finite index in a free group was found by V. M. Pet-
rogradsky. In this dissertation, Petrogradsky’s formulas are extended to the case of
color Lie (p-)superalgebras. We establish more Schreier-type formulas for the ranks
of submodules of free modules over free associative algebras and free group algebras.
As an application, we consider Hopf subalgebras of some cocommutative Hopf alge-
bras. Also, we apply our version of Witt and Schreier formulas to study relatively
free color Lie (p-)superalgebras and to prove that the free color Lie superalgebra and
its enveloping algebra have the same entropy. Y. A. Bahturin and A. Y. Olshanskii
proved that the relative growth rate of a finitely generated subalgebra K of a free Lie
algebra L of finite rank is strictly less than the growth rate of the free Lie algebra
itself. We show that this theorem cannot be extended to free color Lie superalgebras
in general. However, we establish it in a special case.
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Chapter 1
Background
The following notations will be used throughout this work:
• F : the ground field,
• N: the set of positive integers {1, 2, . . .},
• N0: the set of nonnegative integers {0, 1, 2, . . .},
• Z: the set of integers,
• Q: the set of rational numbers,
• C: the set of complex numbers,
• |X|: the cardinal of the set X,
• ⊆: inclusion,
• ⊂: proper inclusion.
1
1.1 Introduction
Suppose that V =
⊕∞
k=0 Vk is a graded vector space such that all subspaces Vk are
finite dimensional. The formal power series in the indeterminate t
H(V, t) =
∞∑
k=0
(dimVk)t
k
is called the Hilbert-Poincaré series (also known under the name Hilbert series) of the
graded vector space V . We will sometimes write H(V ) for H(V, t).
Let V =
⋃∞
k=1 V
k be a filtered vector space such that dimV k <∞ for all k ∈ N. Set
V 0 = 0. The Hilbert-Poincaré series of V isH(V ) = H(V, t) = ∑∞k=1 dim (V k/V k−1) tk.
In other words, for a filtered space V , the Hilbert-Poincaré series is the same as for
the associated graded space: H(V, t) = H(grV, t).
Let L =
⊕∞
n=1 Ln be a free Lie algebra of rank r. The dimensions of homogeneous
subspaces Ln are given by the well-known Witt formula (see, e.g., [3, page 73]):
dimLn =
1
n
∑
d|n
µ(d)r
n
d ,
where µ : N→ {−1, 0, 1} is the Möbius function defined as follows. If n is divisible by
the square of a prime number, we set µ(n) = 0, and otherwise we set µ(n) = (−1)k
where k is the number of prime divisors of n (with k = 0 for n = 1, so µ(1) = 1).
There are similar formulas for homogeneous and multihomogeneous components of
free (color) Lie superalgebras (see, e.g., [4]). In [28], Petrogradsky obtained similar
dimension formulas for free Lie p-algebras. More generally, suppose Λ is a countable
abelian semigroup such that every element λ ∈ Λ can be written as a sum of other
elements only in finitely many ways. Let L =
⊕
λ∈Λ Lλ be a Λ-graded Lie algebra
freely generated by X =
⋃
λ∈ΛXλ. An analogue of Witt’s formula, called character
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formula, for the dimensions of homogeneous components Lλ, λ ∈ Λ, was found by
Kang and Kim in [11]. In order to study Lie superalgebras, Petrogradsky added a
fixed homomorphism κ : Λ→ Z2 = {±1}. He obtained an analogue of Witt’s formula
(or character formula) in the case of free Lie superalgebras. In Chapter 2, we extend
his results to free color Lie superalgebras and, in the special case L = L+, to free
color Lie p-superalgebras (see Definition 1.2.13).
A well-known theorem, due to Nielsen and Schreier, states that every subgroup of
a free group is again free. A corresponding result for Lie algebras was later obtained
independently by Shirshov [36] and Witt [42]. However, subalgebras of the free asso-
ciative algebra are not necessarily free (for example, F [x2, x3] ⊆ F [x] is not free).
The Schreier index formula states that if G is a free group of rank n, and K is a
subgroup of finite index in G, then the rank of K is given by
rank(K) = (n− 1) [G : K] + 1.
Kukin [14] obtained the analogue of the formula above for restricted Lie algebras.
There are no straightforward analogues of Schreier index formula in the following
cases:
1. The free Lie algebra, even with finitely many generators,
2. The group (monoid) where the number of generators and/or the index is infinite.
To obtain the desired formulas, one can replace numbers with power series, as follows.
A finitely graded set is a pair (X,wt), where X is a countable set, and wt : X → N
is a weight function such that the subsets Xi := {x ∈ X | wt(x) = i} are finite for all
i ∈ N. For such a set X, the generating function is defined by H(X) = H (X, t) =∑∞
i=1 |Xi| ti. For a monomial y = xi1 . . . xir , xj ∈ X, we define wt(y) = wt(xi1) +
. . . + wt(xir). If A is an algebra generated by a finitely graded set X, then A has a
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filtration (as an algebra)
⋃∞
i=1A
i where Ai is spanned by all monomials of weight at
most i. We denote the corresponding series by HX(A, t). If A is freely generated by
X, then
HX (A, t) = H (Y, t) =
∞∑
i=1
|Yi| ti,
where Y is the set of all monomials in X, which is also finitely graded. If B is a
subspace of A, then the factor-space A/B also acquires a filtration:
(A/B)n = (An +B)/B ∼= An/(B ∩ An).
In [25], Petrogradsky defined an operator E on Z[[t]] (the ring of formal power
series in the indeterminate t over Z) as follows:
E :
∞∑
i=0
ait
i 7→
∞∏
i=0
1
(1− ti)ai .
Then he introduced an analogue of Schreier’s formula in terms of formal power series
for free Lie algebras. He proved that if L is a free Lie algebra generated by a finitely
graded set X, and K is a subalgebra of L, then there is a set of free generators Z of
K such that
H(Z) = (H(X)− 1) E (H (L/K)) + 1.
In addition, he introduced similar formulas for free Lie superalgebras and free Lie
p-algebras. In [9], a similar formula was obtained for free Lie p-superalgebras. We
extend Petrogradsky’s formula to free color Lie (p-)superalgebras in Chapter 3. Later,
Petrogradsky established a more general Schreier formula for free Lie superalgebras
in terms of characters (see [27]). In Chapter 4, we extend his result to free color Lie
(p-)superalgebras.
In [27], Petrogradsky applied his character formulas and Schreier formulas to the
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study of relatively free Lie superalgebras and groups. In Chapter 5, we provide some
examples of similar applications.
Let S be an algebra generated by a finite set X. We denote by γS(n) the growth
function, which is defined to be the dimension of the space spanned by all monomials
in X of length not exceeding n. Let λS(n) = γS(n) − γS(n − 1). Then the growth
rate (also known as exponent or entropy) of S is given by limsupn→∞(λS(n))
1
n which
is the inverse of the radius of convergence of the Hilbert series
∑∞
n=0 λS(n)t
n. In
Chapter 6, we show that a free color Lie superalgebra and its enveloping algebra have
the same entropy. The relative growth rate of a finitely generated subalgebra K of a
free Lie algebra L of finite rank is strictly less than the growth rate of L itself (see
[7]). In Chapter 6, we show that this theorem cannot be generalized to free color Lie
superalgebras, but we generalize it in a special case.
In [18], Lewin established an analogue of Schreier’s formula for a submodule N
of finite codimension in a finitely generated free module M over a free associative
algebra of finite rank or over the group algebra of a free group of finite rank (which
are examples of so-called free ideal rings, so N is again free). In [8, Section 4.5],
Cohn gave a formula for the generating function of a free set of generators of an
arbitrary right ideal of a free associative algebra. Using this result, an analogue of
Schreier’s formula for an arbitrary submodule of a free module of finite rank over
a free associative algebra will be obtained in Chapter 7. In a special case, we also
obtain a similar result over the free algebra of a free group, using the generalization
of the Schreier formula for subgroups of infinite index in a free group established by
Bahturin and Olshanskii in [5]. They also derived a Schreier formula for subactions
of free actions of a free monoid, and we generalize their result. Finally, we give an
application to some cocommutative bialgebras.
5
1.2 Preliminaries
In this section we give some definitions, notations, and results that will be used
frequently throughout the thesis. Familiarity with the basic properties of groups,
rings, tensor products, and Lie algebras is assumed. For all undefined terms, concepts
and related results, we refer the reader to [3], [4], [19], and [38].
1.2.1 Algebras, Coalgebras, and Hopf Algebras
Definition 1.2.1. A unital associative algebra (A,m, u) is a vector space A with
two linear maps, a multiplication m : A ⊗ A → A, and a unit u : F → A such that
m ◦ (m⊗ idA) = m ◦ (idA ⊗m) and m ◦ (u⊗ idA) = m ◦ (idA ⊗ u) = idA, where we
have identified (A⊗ A)⊗ A = A⊗ A⊗ A = A⊗ (A⊗ A) and A⊗ F = A = F ⊗ A.
Definition 1.2.2. A counital coassociative coalgebra (C,∆, ) is a vector space C
with two linear maps ∆ : C → C ⊗C (comultiplication) and  : C → F (counit) that
satisfy (∆⊗ idC) ◦∆ = (idC ⊗∆) ◦∆ = idC .
Let (C,∆C , C) and (D,∆D, D) be coalgebras. A linear map f : C → D is a
coalgebra morphism if ∆D ◦ f = (f ⊗ f) ◦ ∆C and C = D ◦ f . Now we are in a
position to combine the notions of algebra and coalgebra.
Definition 1.2.3. (H,m, u,∆, ) is called a bialgebra if
1. (H,m, u) is a unital associative algebra,
2. (H,∆, ) is a counital coassociative coalgebra,
3. The coalgebra structure maps ∆ and  are algebra morphisms (equivalently, the
algebra structure maps m and u are coalgebra morphisms).
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A subspace B of a bialgebra H is a subbialgebra if it is both a subalgebra and
a subcoalgebra. A bialgebra H is commutative if m ◦ τ = m, and is cocommutative
if τ ◦ ∆ = ∆, where τ is the flip a ⊗ b 7→ b ⊗ a. For the comultiplication ∆ we use
Sweedler notation without summation: ∆h = h(1) ⊗ h(2).
A monoid is a semigroup with identity element. Let M be any monoid, and let
H = FM be its monoid algebra. Then ∆ and  defined by ∆ : m 7→ m⊗m,  : m 7→ 1,
for m ∈M , make H is a cocommutative bialgebra.
Definition 1.2.4. Let H be a bialgebra. An algebra A is a (left) H-module algebra
if A is a (left) H-module via ϕ : H → EndF (A) : h 7→ ϕh, such that ϕh(ab) =
ϕh(1)(a)ϕh(2)(b) and ϕh(1A) = (h)1A for h ∈ H, a, b ∈ A.
Let H be a bialgebra and let A be a left H-module algebra (via ϕ : h 7→ ϕh).
Then the smash product of A and H, denoted by A#ϕH, is a vector space A⊗H (we
will write a#h for the element a⊗ h), together with the following operation:
(a#h) (b#k) = aϕh(1)(b)#h(2)k.
A#H together with the multiplication above is an associative algebra with unit
1A#1H .
Definition 1.2.5. Let (H,m, u,∆, ) be a bialgebra. ThenH is called a Hopf algebra
if there exists a linear map S : H → H (antipode) such that m ◦ (idH ⊗ S) ◦ ∆ =
m ◦ (S ⊗ idH) ◦∆ = u ◦ .
Let H be a Hopf algebra with antipode S, and let B be a subspace of H. Then B
is a Hopf subalgebra if B is a subbialgebra, and S(B) ⊆ B.
Example 1.2.6.
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1. Let G be any group, and let H = FG be its group algebra. Then ∆, , and S
defined by ∆ : g 7→ g ⊗ g,  : g 7→ 1, and S : g 7→ g−1 for g ∈ G make H a
cocommutative Hopf algebra.
2. Let L be a Lie algebra, and let H = U(L) be its universal enveloping algebra.
ThenH becomes a cocommutative Hopf algebra by defining ∆ : x 7→ x⊗1+1⊗x,
 : x 7→ 0, and S : x 7→ −x for x ∈ L (and extent ∆, , S multiplicatively/ anti-
multiplicatively).
An algebra A is a left FG-module algebra if and only if the elements of G act as
automorphisms on A ([19, Example 4.1.6]). Likewise, A is a left U(L)-module algebra
if the elements of L acts as derivations of A ([19, Example 4.1.8]).
LetH be a Hopf algebra. A nonzero element g ∈ H is group-like if ∆g = g⊗g. The
set of group-like elements of H, denoted by G(H), forms a multiplicative subgroup.
An element x ∈ H is primitive if ∆x = x⊗ 1 + 1⊗ x. The set of primitive elements
of H, denoted by P (H), forms a Lie algebra (a Lie p-algebra if charF = p) where H
is regarded as a Lie algebra with respect to [x, y] = xy − yx (a Lie p-algebra with
respect to x[p] = xp).
Smash products arise very frequently in the theory of Hopf algebras. A classical
example is the following Cartier-Kostant theorem which gives a characterization of
cocommutative Hopf algebras.
Theorem 1.2.7. If H is a cocommutative Hopf algebra over an algebraically closed
field F of characteristic 0, then H is isomorphic to U(L)#ϕFG as an algebra, where
L = P (H), G = G(H), and G(H) acts on P (H) by conjugation: ϕg(x) = gxg
−1 for
g ∈ G, x ∈ L.
Conversely, it is easy to show that the smash product U(L)#ϕFG (where G acts
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on L by ϕ) endowed with the tensor product coalgebra structure is a cocommutative
Hopf algebra (see, e.g., [30]).
In this dissertation we mostly study primitive elements of certain Hopf algebras
and their generalizations. In this way we arrive at ordinary Lie algebras, restricted
(or p-) Lie algebras, color Lie superalgebras and p-superalgebras. In Chapter 7, we
also turn our attention to group-like elements and smash products.
1.2.2 Graded Algebras
Definition 1.2.8. Suppose G is an abelian semigroup written multiplicatively. A
G-graded algebra is an algebra R together with a direct sum decomposition of the
form
R =
⊕
g∈G
Rg,
where each Rg is a subspace and RgRh ⊆ Rgh for all g, h ∈ G. A nonzero element
r ∈ R is called homogeneous if there is g ∈ G such that r ∈ Rg (we write d(r) = g).
A subspace H ⊆ R is said to be homogeneous if H = ⊕g∈GHg where Hg = H ∩ Rg.
By a G-graded vector space we mean a vector space V together with a direct sum
decomposition V =
⊕
g∈G Vg. Let V and W be G-graded vector spaces. A linear
map f : V → W is called homogeneous of degree h ∈ G if for all g ∈ G, we have
f(Vg) ⊆ Whg. In particular, a homogeneous linear map of degree 1G ∈ G will be
called a degree preserving map.
If A is an algebra with two gradings, say A =
⊕
g∈GAg and A =
⊕
λ∈ΛAλ (G and
Λ are semigroups), then the two gradings are called compatible if Ag =
⊕
λ∈Λ(Ag∩Aλ)
for all g ∈ G or, equivalently, Aλ =⊕g∈G(Aλ ∩ Ag) for all λ ∈ Λ.
Definition 1.2.9. Let A be an algebra and let A0 ⊆ A1 ⊆ A2 ⊆ . . . be a chain of
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subspaces. This chain is called an (ascending) filtration of A if
⋃
m≥0
Am = A and AiAj ⊆ Ai+j ∀i, j ≥ 0.
Example 1.2.10.
1. If A is an associative algebra generated by a finite set X, then A has a filtration
(as an algebra)
⋃∞
i=1A
i where Ai is spanned by monomials of degree ≤ i in A.
2. Given a Z-graded algebra A =
⊕
n≥0An, then there is a corresponding filtration⋃∞
m=0A
m where Am =
⊕m
k=0Ak.
3. Conversely, given an algebra A with filtration A0 ⊆ A1 ⊆ A2 ⊆ · · · , we can
construct a graded algebra grA as follows: grA =
⊕
m≥0 (A
m/Am−1) as a vec-
tor space (set A−1 = 0) and define multiplication Am/Am−1 × An/An−1 →
Am+n/Am+n−1 by (a+ Am−1) (b+ An−1) = ab+Am+n−1. Note that if the filtra-
tion Am comes from a grading (Am =
⊕m
k=0Ak), then A
m/Am−1 ∼= Am, and so
grA ∼= A.
Definition 1.2.11. Let A =
⊕
n≥0An be a Z-graded algebra such that dimAn <∞
for all n ∈ N. The Hilbert series of A is defined by
H(A, t) =
∞∑
n=0
(dimAn) t
n.
If A is an algebra with filtration A0 ⊆ A1 ⊆ A2 ⊆ · · · . The Hilbert series of A is
defined to be
H(A, t) = H(grA, t).
Let U =
⋃∞
i=1 U
i and V =
⋃∞
i=1 V
i be filtered vector spaces with dimU i, dimV i <∞
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for all i ∈ N. Then U ⊕ V and U ⊗ V acquire filtrations given by the subspaces
(U ⊕ V )n = Un ⊕ V n
and
(U ⊗ V )n =
n∑
i=0
U i ⊗ V n−i,
respectively. It is easy to verify the following result (see [39]).
Theorem 1.2.12. H(U⊕V, t) = H(U, t)+H(V, t) and H(U⊗V, t) = H(U, t)H(V, t).
1.2.3 Color Lie Superalgebras
Color Lie (super)algebras were originally introduced by Rittenberg and Wyler ([32])
and Scheunert ([34]). They generalize Lie superalgebras (see e.g., [23]). They appear
in various branches of mathematics (e.g., topology, algebraic groups, etc.) and math-
ematical physics (elementary particles, superstrings, etc.). Throughout this section
F denotes a field of characteristic 6= 2, 3, and G denotes an abelian group. We call a
map γ : G × G → F ∗ (F ∗ = F \ {0}) a skew-symmetric bicharacter on G (analogue
of skew-symmetric bilinear form for vector spaces, but written multiplicatively) if it
satisfies
1. γ(f, gh) = γ(f, g)γ(f, h) and γ(gh, f) = γ(g, f)γ(h, f) for all f, g, h ∈ G,
2. γ(f, g) = (γ(g, f))−1 for all f, g ∈ G.
Note that (2) implies γ(g, g) = ±1 ∀g ∈ G. Set G± = {g ∈ G | γ(g, g) = ±1}. Then
G+ is a subgroup of G and [G : G+] ≤ 2. In particular, if G is finite, then either
G = G+ or |G+| = |G−|.
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Definition 1.2.13. A (G, γ)-color Lie superalgebra is a pair (L, [ , ]) where L =⊕
g∈G Lg is a G-graded vector space and [ , ] : L ⊗ L → L is a bilinear map that
satisfies the following identities for any homogeneous x, y, z ∈ L
1. γ-skew-symmetry:
[x, y] = −γ(d(x), d(y)) [y, x] ,
2. γ-Jacobi identity:
γ(d(z), d(x)) [x, [y, z]] + γ(d(y), d(z)) [z, [x, y]] + γ(d(x), d(y)) [y, [z, x]] = 0.
The positive part L+ (respectively, negative part L−) is defined to be L+ =
⊕
g∈G+ Lg
(respectively, L− =
⊕
g∈G− Lg).
Example 1.2.14.
1. An ordinary Lie algebra is a (G, γ)-color Lie superalgebra if G = {1} and γ = 1.
A Lie algebra with a G-grading can be considered a (G, γ)-color Lie superalgebra
for γ = 1.
2. A Lie superalgebra is a (Z2, γ)-color Lie superalgebra for
γ : Z2 × Z2 → F ∗ : (i, j) 7→ (−1)ij.
3. Any G-graded associative algebra A, with the bracket defined by
[x, y]γ = xy − γ(d(x), d(y))yx
for any nonzero homogeneous x, y ∈ A (the γ-supercommutator), is a color Lie
superalgebra, which will be denoted by A(−).
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4. Let A =
⊕
g∈GAg be aG-graded algebra. A homogeneous linear mapD : A→ A
of degree h ∈ G is called a superderivation if
D(ab) = D(a)b+ γ(h, d(a))aD(b)
for all homogeneous elements a, b ∈ A. By Derh(A) we denote the vector space of
all superderivations of A of degree h ∈ G. Then Der(A) = ⊕g∈GDerg(A), with
the bracket [D1, D2] = D1D2−γ(d(D1), d(D2))D2D2, is a color Lie superalgebra.
Definition 1.2.15. In the special case G = G+, we will use the term a (G, γ)- color
Lie algebra.
By a G-graded set we mean a disjoint union X =
⋃
g∈GXg. If X is a G-graded set
and V =
⊕
g∈G Vg is a G-graded vector space, then a degree preserving map from X
to V is a map i : X → V such that i(Xg) ⊆ Vg ∀g ∈ G. A degree preserving linear
map ϕ : L1 → L2 between (G, γ)-color Lie superalgebras (L1, [ , ]1) and (L2, [ , ]2) is
called a homomorphism if ϕ ([x, y]1) = [ϕ(x), ϕ(y)]2 ,∀x, y ∈ L1. Free Lie algebras are
well known and have been extensively studied (see e.g., [3, 31]).
Definition 1.2.16. A free color Lie superalgebra of a G-graded set X is a pair
(L, i : X → L) with L a color Lie superalgebra and i : X → L a degree preserving map
from X to L such that if R is any color Lie superalgebra and j : X → R is a degree
preserving map, then there is a unique homomorphism of color Lie superalgebras
h : L→ R such that j = h ◦ i.
For each G-graded set X, there exists a free color Lie superalgebra L(X) on X,
which is unique up to isomorphism. Also L(X) is N-graded by degree in X ([4]).
The universal enveloping algebra of a color Lie superalgebra L is a pair (U, δ), where
U is a G-graded associative unital algebra, δ : L→ U (−) is a homomorphism of color
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Lie superalgebras, and for every G-graded associative unital algebra R and for every
homomorphism σ : L→ R(−) (with the same γ) there exists a unique homomorphism
θ : U → R of G-graded associative unital algebra such that θ ◦ δ = σ. It is clear
that the universal enveloping algebras are defined uniquely (up to isomorphism of
G-graded associative unital algebras). To establish the existence of (U, δ), let T (L)
be the tensor algebra of L, and let I be the ideal of T (L) generated by the elements
of the form u⊗ v − γ(g, h)(v ⊗ u), where u ∈ Lg, v ∈ Lh. Then the quotient T (L)/I
with the canonical mapping δ : L→ T (L)/I has the desired properties ([4]).
We have the following theorem.
Theorem 1.2.17 ([4, p.47]). The universal enveloping algebra of the free color Lie
superalgebra L(X) is the free associative algebra of X.
The following theorem is a version of the Poincaré-Birkhoff-Witt (PBW) Theorem
for color Lie superalgebras.
Theorem 1.2.18 ([4, p.16]). Let L = L+ ⊕ L− be a (G, γ)-color Lie superalgebra, B
a basis of L+, C is a basis of L−, and ≤ is a total order on B ∪ C. Then the set D,
formed by 1 and by all monomials of the form
es11 · · · esnn ,
where ei ∈ B ∪ C, e1 < · · · < en, 0 ≤ si for ei ∈ B and si = 0, 1 for ei ∈ C, is a basis
of the universal enveloping algebra, U(L), of the Lie color superalgebra L.
Corollary 1.2.19. Let L = L+ ⊕ L− be a (G, γ)-color Lie superalgebra, S(L+) the
symmetric algebra of the vector space L+, and Λ(L−) the Grassmann algebra of the
vector space L−. The universal enveloping algebra of L+, U(L+), is an associative
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subalgebra of U(L) generated by L+, and we have the vector space isomorphisms
U(L+) ∼= S(L+) and U(L) ∼= U(L+)⊗ Λ(L−).
1.2.4 Restricted Color Lie Superalgebras
Let L =
⊕
g∈G Lg be a color Lie superalgebra over a field of characteristic p 6= 0, 2, 3.
For a homogeneous element a ∈ L, we consider a mapping
ada : L→ L : b 7→ [a, b].
Definition 1.2.20. A color Lie superalgebra L =
⊕
g∈G Lg is called restricted (or
p-superalgebra) if for any g ∈ G+ and for any homogeneous component Lg, there is a
map
[p] : Lg → L : x 7→ x[p],
satisfying
• (adx)p = ad
(
x[p]
)
for all x ∈ Lg,
• (αx)[p] = αpx[p] for all α ∈ F, x ∈ Lg,
• (x+ y)[p] = x[p]+y[p]+∑p−1i=1 si(x, y) where y is homogeneous of the same degree
as x, and isi(x, y) is the coefficient of λ
i−1 in ad (λx+ y)p−1 (x).
If G = {1}, then we get a standard definition of a restricted Lie algebra. In this
case, we can allow any prime characteristic p.
Example 1.2.21. Let A be a G-graded associative algebra. Then the map
( )p : Ag → A : x 7→ xp,
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∀g ∈ G+, makes A(−) into a color Lie p-superalgebra (denoted by [A]p).
The restricted universal enveloping algebra of a color Lie p-superalgebra L is a pair
(u, δ) where u is a G-graded associative unital algebra, δ : L → [u]p is a homomor-
phism of color Lie p-superalgebra, and for any G-graded associative unital algebra R,
and for any homomorphism σ : L → [R]p of color Lie p-superalgebra there exists a
unique homomorphism θ : u → R of G-graded associative unital algebra such that
θ ◦ δ = σ. The restricted enveloping algebra of a color Lie p-superalgebra L exists
(and will be denoted by u(L)), and it is unique up to an isomorphism of G-graded
associative unital algebra ([4, p.87]).
There is a version of Poincaré-Birkhoff-Witt (PBW) Theorem for the color Lie
p-superalgebra stating that if L = L+⊕L− is a color Lie p-superalgebra, B is a basis
of L+, C is a basis of L−, and ≤ is a total order on B∪C, then the set of all monomials
of the form
bs11 · · · bsnn ,
where bi ∈ B ∪ C, b1 < · · · < bn, 0 ≤ si ≤ p− 1 for bi ∈ B and bi = 0, 1 for bi ∈ C, is
a basis of the restricted universal enveloping algebra, u(L), of the Lie p-superalgebra
L ([4, Theorem 2.5]).
Given a nonempty G-graded set X =
⋃
g∈GXg, a free color Lie p-superalgebra
on X over F is a color Lie p-superalgebra Lp over F , together with a degree one
mapping i : X → Lp, with the following universal property: for every degree one
mapping j : X → R where R is a color Lie p-superalgebra (with the same G and γ),
there exists a unique color Lie p-superalgebra homomorphism h : Lp → Rp such that
j = h ◦ i. For any nonempty G-graded set, such a color Lie p-superalgebra exists and
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unique up to isomorphism ([4]). By Lp(X) =
⊕
g∈G L
p
g(X) we denote the free color
Lie p-superalgebra over a field F of characteristic p with the set of free generators X.
Let X be a G-graded set and F 〈X〉 be the free associative algebra on X over a
field of characteristic p > 0. Then the restricted enveloping algebra of a free color Lie
p-superalgebra generated by X, u(Lp(X)), is F 〈X〉.
Throughout the thesis, all (G, γ)-color Lie superalgebras L = L+⊕L− will be over
a field F of characteristic different from 2 or 3. If L is an ordinary Lie algebra, we do
not impose any restrictions on F .
17
Chapter 2
On Character Formulas for Color
Lie Superalgebras
Let Λ be a countable additive abelian semigroup such that every element λ ∈ Λ
can be written as a sum of other elements only in finitely many ways (the finiteness
condition). In order to study (color) Lie (p-)superalgebras, we fix a homomorphism
κ : Λ→ Z2 = {±1}. This implies that Λ can be partitioned as
Λ = Λ+ ∪ Λ−,
where
Λ± = {λ ∈ Λ | κ(λ) = ±1} .
In this chapter (and also in Chapter 5) we consider Λ-graded color Lie superal-
gebras L =
⊕
λ∈Λ Lλ, where for each g ∈ G+ (respectively, g ∈ G−), we have
Lg =
⊕
λ∈Λ+(Lλ ∩ Lg) (respectively, Lg =
⊕
λ∈Λ−(Lλ ∩ Lg)). The main purpose
in this chapter is to derive a dimension formula for the homogeneous subspaces of the
free color Lie superalgebras. Also, we will obtain similar results for a certain case of
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color Lie p-superalgebras.
2.1 Characters of Color Lie Superalgebras
Let U =
⊕
λ∈Λ Uλ be a Λ-graded space. The character of U is defined by
chΛU =
∑
λ∈Λ
(dimUλ)e
λ.
It is an element in Q[[Λ]], the completion of the semigroup algebra Q[Λ], whose basis
consists of symbols eλ, λ ∈ Λ with the multiplication eλeµ = eλ+µ for all λ, µ ∈ Λ.
Gradings U =
⊕
λ∈Λ Uλ and V =
⊕
λ∈Λ Vλ induce gradings on the spaces U ⊕ V and
U ⊗ V :
(U ⊕ V )λ = Uλ ⊕ Vλ; (U ⊗ V )λ =
∑
λ=µ+ν
(Uµ ⊗ Vν).
By finiteness condition the sum above is finite. The following theorem obviously holds.
Theorem 2.1.1. chΛ(U ⊕ V ) = chΛU + chΛV , and chΛ(U ⊗ V ) = chΛUchΛV .
An important special case is Λ = N where Q[[Λ]] is the algebra of formal power
series in one variable (without constant term).
2.1.1 Characters of Color Lie Superalgebras and Their En-
veloping Algebras
Let L = L+ ⊕ L− be a free color Lie superalgebra generated by X where L± =⊕
λ∈Λ± Lλ, with dimLλ < ∞, ∀λ ∈ Λ over F . In [12], the authors considered a
particular case of our grading, the grading by Λ = Γ × G, where Γ is a countable
additive abelian semigroup satisfying the following condition: every element (α, g) ∈
Γ × G can be presented as a sum of other elements only in finitely many ways, and
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also Λ+ = Γ × G+ and Λ− = Γ × G−. As before, the character of L with respect to
Λ-grading is
chΛL =
∑
λ∈Λ
(dimLλ)e
λ, dimL± =
∑
λ∈Λ±
(dimLλ)e
λ.
Note that the universal enveloping algebra is graded by Λ¯ = Λ ∪ {0}. We shall give
here the proof of the following formula, established in [27], which relates the characters
of Lie color superalgebra to that its enveloping algebra.
Lemma 2.1.2. Let L = L+ ⊕ L− be a Λ-graded color Lie superalgebra. Then
chΛ¯U(L) =
∏
λ∈Λ−(1 + e
λ)dimLλ∏
λ∈Λ+(1− eλ)dimLλ
.
Proof. Let {eλ | λ ∈ Λ} be a basis of the positive part L+ and {fµ | µ ∈ Λ} be
a basis of the negative part L−. By Corollary 1.2.19, U(L), as a vector space, is the
tensor product of the polynomial algebra F [. . . , eλ, . . .] and the Grassmann algebra
Λ[. . . , fµ, . . .]. Now, the result follows from Theorem 2.1.1. 
The superdimension of the homogeneous subspace Lλ is defined by
sdimLλ = κ(λ)dimLλ, λ ∈ Λ.
Note that
chΛL =
∑
λ∈Λ
(sdimLλ)E
λ ∈ Q[[Λ]],
where Eλ = κ(λ)eλ. It is convenient to define the following operation, called the
twisted dilation, on Q[[Λ¯]]:
[m] :
∑
λ∈Λ¯
fλE
λ → ∑
λ∈Λ¯
fλE
mλ, m ∈ N.
We have the following properties (see [26, Lemma 1.1]).
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Lemma 2.1.3.
1. f [1] = f ,
2. the dilation f 7→ f [m] is an endomorphism of the algebra Q[[Λ¯]],
3. (f [m])[n] = (f [n])[m] = f [mn] for all m,n ∈ N.
Let us define the following two operators over formal series:
E : Q[[Λ]]→ 1 +Q[[Λ]] : f 7→ exp
(
∞∑
m=1
1
m
f [m]
)
,
L : 1 +Q[[Λ]]→ Q[[Λ]] : f 7→
∞∑
n=1
µ(n)
n
lnf [n].
The following lemma, proved by Petrogradsky in [26], shows that the operators above
are similar to the exponential and logarithm.
Lemma 2.1.4.
1. The mappings E and L are well defined and mutually inverse,
2. E(f1 + f2) = E(f1)E(f2), f1, f2 ∈ Q[[Λ]],
3. L(f1f2) = L(f1) + L(f2), f1, f2 ∈ 1 +Q[[Λ]].
Lemma 2.1.2 was used by Petrogradsky to prove the following theorem.
Theorem 2.1.5 ([26]). Let L =
⊕
λ∈Λ Lλ be a Λ-graded color Lie superalgebra and
U(L) be its enveloping algebra. Then
1. chΛ¯U(L) = E(chΛL),
2. chΛL = L(chΛ¯U(L)).
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2.1.2 G-Characters of Color Lie Superalgebras
and Their Enveloping Algebra
Assume that the G-grading on L is determined by the Λ-grading in the sense that:
there exists a homomorphism κG : Λ → G such that Lg = ⊕ λ∈Λ
κG(λ)=g
Lλ. Define
υ : G→ Z2 = {±1} by υ(g) = 1 (respectively, −1) if g ∈ G+ (respectively, g ∈ G−).
In this case, we can define the G-character of L =
⊕
λ∈Λ Lλ, where dimLλ <∞ for all
λ ∈ Λ, as follows
chGΛL =
∑
λ∈Λ
(dimLλ)κG(λ)e
λ ∈ Q[G][[Λ]],
where Q[G] is the group algebra of G with coefficients in Q and Q[G][[Λ]] is the com-
pletion of the semigroup algebra Q[G][Λ]. For λ ∈ Λ, we set sdimLλ = υ(κG(λ))dimLλ
and color superdimension csdimLλ = κG(λ)sdimLλ. Now, the twisted dilation is de-
fined by
[m] :
∑
λ∈Λ¯
rλgλE
λ → ∑
λ∈Λ¯
rλg
m
λ E
mλ, rλ ∈ Q, λgλ ∈ G, and m ∈ N,
where Eλ = υ(κG(λ))κG(λ)e
λ. The character of L can be also written as
chGΛL =
∑
λ∈Λ
(sdimLλ)E
λ.
We have the following properties of the twisted dilation operator.
Lemma 2.1.6.
1. The dilation f 7→ f [m] is an endomorphism of the algebra Q[G][[Λ¯]],
2. (f [m])[n] = (f [n])[m] = f [mn] for all m,n ∈ N,
3.
(∑
λ∈Λ rλgλe
λ
)[m]
=
∑
λ∈Λ rλg
m
λ (ν(κG(λ)))
m+1emλ, rλ ∈ Q, gλ ∈ G.
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Proof. It is clear that the first two properties hold. Hence it remains to prove the
last claim.

∑
λ∈Λ
rλgλe
λ

[m] =

∑
λ∈Λ
rλgλν(κG(λ))(κG(λ))
−1Eλ

[m]
=
∑
λ∈Λ
rλν(κG(λ))g
m
λ (κG(λ))
−mEmλ
=
∑
λ∈Λ
rλν(κG(λ))g
m
λ (κG(λ))
−mν(κG(mλ))κG(mλ)e
mλ
=
∑
λ∈Λ
rλ(ν(κG(λ)))
m+1gmλ e
mλ.

We introduce the following two operators over formal power series:
EG : Q[G][[Λ]]→ 1 +Q[G][[Λ]] : f 7→ exp
(
∞∑
m=1
1
m
f [m]
)
,
LG : 1 +Q[G][[Λ]]→ Q[G][[Λ]] : f 7→
∞∑
n=1
µ(n)
n
lnf [n].
We can easily prove the following lemma.
Lemma 2.1.7.
1. The mappings EG and LG are well defined and are mutually inverse,
2. EG(f1 + f2) = EG(f1)EG(f2), f1, f2 ∈ Q[G][[Λ]],
3. LG(f1f2) = LG(f1) + LG(f2), f1, f2 ∈ 1 +Q[G][[Λ]].
Theorem 2.1.8. Let L =
⊕
λ∈Λ Lλ be a Λ-graded color Lie superalgebra and U(L)
be its enveloping algebra. Then
1. chGΛ¯U(L) = EG(chGΛL),
2. chGΛL = LG(chGΛ¯U(L)).
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Proof. According to PBW-Theorem, we have
chGΛ¯U(L) =
∏
λ∈Λ
(1− Eλ)−sdimLλ .
Then, we see that
chGΛ¯U(L) = exp

−∑
λ∈Λ
(sdimLλ)(1− Eλ)

 .
Using ln(1 + x) =
∑∞
n=1(−1)n+1 x
n
n
, we obtain
chGΛ¯U(L) = exp

∑
λ∈Λ
(sdimLλ)
∞∑
m=1
Emλ
m

 .
Then,
chGΛ¯U(L) = exp

 ∞∑
m=1
1
m
∑
λ∈Λ
(sdimLλ)E
mλ


= exp
(
∞∑
m=1
1
m
(
chG
)[m]
L
)
= EGchGΛL.
To prove the second relation, note that
chGΛL = LGEG(chGΛL) = LG(EG(chGΛL)) = L(chGΛ¯U(L)).
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2.1.3 Character Formula of Free Color Lie Superalgebras
By a Λ-graded set we mean a disjoint union X =
⋃
λ∈ΛXλ. If in addition, we have
|Xλ| <∞ for all λ ∈ Λ, then we define its character
chΛX =
∑
λ∈Λ
|Xλ| eλ ∈ Q[[Λ]].
For an element x ∈ Xλ ⊆ X, we say Λ-weight of x is λ, and we write wtΛx = λ. We
call such a set Λ-finitely graded (if Λ = N, then we say X is a finitely graded set).
For any monomial y = x1 . . . xn, where xj ∈ X, we set wtΛy = wtΛx1 + . . . + wtΛxn.
Suppose Y is a set of all monomials (associative, Lie, . . . ) in X. We denote
Yλ = {y ∈ Y | wtΛy = λ} .
Also, the Λ-generating function of Y is
chΛ(Y ) =
∑
λ∈Λ
|Yλ| eλ ∈ Q[[Λ]].
Lemma 2.1.9 ([26]). Let X =
⋃
λ∈ΛXλ be a Λ-graded set with |Xλ| <∞, λ ∈ Λ, and
let F 〈X〉 be the free associative algebra generated by X. Then
chΛ¯F 〈X〉 =
∞∑
n=0
(chΛX)
n =
1
1− chΛX .
The following theorem was obtained by Petrogradsky in [26] in the setting of Lie
superalgebras. Theorems 1.2.17 and 2.1.5 help us to extend it to color Lie superalgebra
case.
Theorem 2.1.10. Let L = L(X) be the free color Lie superalgebra generated by a
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Λ-graded set X =
⋃
λ∈ΛXλ, with |Xλ| <∞ for all λ ∈ Λ. Then
chΛL(X) = −
∞∑
n=1
µ(n)
n
ln(1− ch[n]Λ X).
Proof. The universal enveloping algebra U(L) is isomorphic to the free associative
algebra F 〈X〉 generated by X (Theorem 1.2.17). Thus
chΛ¯U(L) =
1
1− chΛX .
Applying Theorem 2.1.5, we have
chΛL = L(E(chΛL)) = L
(
1
1− chΛX
)
= −
∞∑
n=1
µ(n)
n
ln(1− ch[n]Λ X),
as desired. 
We are going to discuss several corollaries of the above result.
If |G| = r, then we can make any finite set X a Λ-graded set for Λ¯ = Nr0. Write
G = G+∪G− where G+ = {g1, . . . , gk} and G− = {gk+1, . . . , gr} (of course, |G| = |G+|
or |G+| = |G−|) is an abelian group, and L is a free color Lie superalgebra freely
generated by a set X = Xg1 ∪ · · · ∪ Xgr with |Xgi| = si ≥ 1, i = 1, . . . , r. Consider
the case Λ = Nr0. We define a weight function
wt : X → Nr0 : x 7→ λi, for i = 1, . . . , r and x ∈ Xgi ,
where λi = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the ith place. We define the homomorphism
κ : Nr0 → Z2 = {±1} by κ(λi) = 1 for 1 ≤ i ≤ k and κ(λi) = −1 for k + 1 ≤ i ≤ r.
We denote ti = e
λi , so the algebra Q[[Λ¯]] turns into the formal power series ring
Q[[t]] = Q[[t1, . . . , tr]]. In this case, the character of a Λ-graded Lie superalgebra, L,
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is the multivariable Hilbert-Poincaré series, H(L, t) = H(L; t1, . . . , tr), of L. We have
the following result.
Corollary 2.1.11. Suppose that G = G+ ∪ G− is an abelian group, where G+ =
{g1, . . . , gk} and G− = {gk+1, . . . , gr} (r = k or r = 2k), and L is a free color Lie
superalgebra freely generated by a set X = Xg1 ∪ · · · ∪ Xgr with |Xgi| = si ≥ 1,
i = 1, . . . , r. Then
H(L; t1, . . . , tk, tk+1, . . . , tr) = −
∞∑
n=1
µ(n)
n
ln

1− k∑
i=1
sit
n
i +
r∑
j=k+1
sj(−tj)n

 .
Proof. In this case chΛX =
∑r
i=1 siti, and so ch
[n]X =
∑k
i=1 sit
n
i −
∑r
j=k+1 sj(−tj)n.
The formula follows from Theorem 2.1.10. 
The weight function wt : X → Nr0 defines the multidegree α = (α1, . . . , αr) ∈ Nr0
for elements of L, and the degree |α| = α1+· · ·+αr. Also, we write |α|+ = α1+· · ·+αk
and |α|− = αk+1 + · · ·+ αr. By n|α we denote that n divides all components αi of α.
Then we have the following result.
Corollary 2.1.12. Suppose G = G+ ∪ G− and L = L(X) as in Corollary 2.1.11.
Then
dimLα =
(−1)|α|−
|α|
∑
n|α
µ(n)
(
|α|
n
)
!(−1) |α|−n(
α1
n
)
! · · ·
(
αr
n
)
!
s
α1
n
1 . . . s
αr
n
r .
In particular, if L is a free Lie algebra, then we get the classical Witt’s formula.
Proof. We apply the formula for H(L; t1, . . . , tr) from the corollary above. We
have
H(L; t) = −
∞∑
n=1
µ(n)
n
ln

1− k∑
i=1
sit
n
i +
r∑
j=k+1
sj(−tj)n


=
∞∑
n=1
µ(n)
n
∞∑
s=1
(s1t
n
1 + · · ·+ sktnk − sk+1(−tk+1)n − · · · − sr(−tr)n)s
s
.
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Applying the multinomial formula, we get
H(L; t) =
∞∑
n=1
µ(n)
n
∞∑
s=1
1
s
∑
|β|=s
|β|!
β1! . . . βr!
(s1t
n
1 )
β1 . . . (skt
n
k)
βk((−sk+1)(−tnk+1)βk+1 . . . ((−sr)(−tnr ))βr .
Hence,
H(L; t) =
∞∑
n=1
µ(n)
n
∞∑
s=1
1
s
∑
|β|=s
|β|!(−1)(n+1)|β|−
β1! . . . βr!
sβ11 . . . s
βr
r t
nβ1
1 . . . t
nβr
r
=
∑
α∈Nr0\{0}
1
|α|
∑
n|α
µ(n)
(
|α|
n
)
! (−1)|α|−+
|α|−
n(
α1
n
)
! · · ·
(
αr
n
)
!
s
α1
n
1 . . . s
αr
n
r tα11 . . . t
αr
r .
On the other hand, H(L; t) = ∑α∈Nr0\{0} dimLαtα. Therefore
dimLα =
(−1)|α|−
|α|
∑
n|α
µ(n)
(
|α|
n
)
!(−1) |α|−n(
α1
n
)
! · · ·
(
αr
n
)
!
s
α1
n
1 . . . s
αr
n
r ,
as desired. 
Let X be a finite generating set of the free color Lie superalgebra L(X) with the
weight function
wt : X → N2,
defined by
x 7→ (1, 0) if x ∈ X+ and x 7→ (0, 1) if x ∈ X−.
If we denote t+ = e
(1,0) and t− = e
(0,1), then the algebra Q[[N20]] is the formal power
series ring Q[[t+, t−]]. We have the following corollary.
Corollary 2.1.13. Let L = L(X) be a free color Lie superalgebra freely generated by
the set X = X+ ∪X−, where X+ = {x1, . . . , xk} and X− = {xk+1, . . . , xr}. Then
1. H(L; t+, t−) = −∑∞n=1 µ(n)n ln (1− ktn+ + (r − k)(−t−)n).
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2. H(L, t) = H(L; t+, t−)|t+=t−=t = −
∑∞
n=1
µ(n)
n
ln (1− (k − (−1)n(r − k))tn).
Corollary 2.1.14. Let L = L(X) be a free color Lie superalgebra freely generated by
the set X = X+ ∪X−, where X+ = {x1, . . . , xk} and X− = {xk+1, . . . , xr}. Consider
the weight function wt : X → N;x 7→ 1. Then
dimLn =
1
n
∑
m|n
µ(m)(k − (−1)m(r − k)) nm .
Let us return to the general setting. Let Λ and Γ be two additive abelian semi-
groups satisfying the finiteness condition, κ : Λ→ Z2 and κ′ : Γ→ Z2 are homomor-
phisms. Suppose that ϕ : Λ→ Γ is a semigroup homomorphism such that κ = κ′ ◦ ϕ
and for each γ ∈ Γ the set {λ ∈ Λ | ϕ(λ) = γ} is finite. Let L = L+ ⊕ L− be a free
Λ-graded algebra generated by X =
⋃
λ∈ΛXλ. Using the homomorphism ϕ, we can
also regard L as Γ-graded. Then
chΓL =
∑
γ∈Γ
dimLγe
γ =
∑
γ∈Γ

 ∑
λ∈Λ
ϕ(λ)=γ
dimLλ

 eγ. (2.1)
Now, we consider the case where Λ = N×G. Such a situation can be obtained from
the grading given in Theorem 2.1.11 by taking the grading
wt : X → N×G : x 7→ (1, gi) for x ∈ Xgi .
For such gradings, we will use superscripts instead of subscripts. As a result, we have
the following corollary.
Corollary 2.1.15. dimL(n,g) =
∑
α1+···αr=n
g
α1
1 ...g
αr
r =g
dimL(α1,...,αr).
29
Proof. The result is the formula 2.1 applied to
ϕ : Nr → N×G : λi 7→ (1, gi).

Example 2.1.16. Consider the free (Z2 ⊕ Z2, γ)-color Lie superalgebra L = L(X)
over the field F = C where
γ : (Z2 ⊕ Z2)× (Z2 ⊕ Z2)→ C∗ : ((a1, a2), (b1, b2)) 7→ (−1)(a1+a2)(b1+b2).
Hence, G+ = {(0, 0), (1, 1)} and G− = {(0, 1), (1, 0)}. Let g1 = (0, 0), g2 = (1, 1), g3 =
(0, 1), and g4 = (1, 0), and let |Xg1| = 1, |Xg2| = 2, |Xg3| = |Xg4| = 1. According to
the above theorem, we have
dimL(3,(1,1)) = dimL(0,3,0,0) + dimL(2,1,0,0) + dimL(1,0,1,1).
Now, if we apply the formula given in Corollary 2.1.12, we have
dimL(0,3,0,0) =
(−1)0
3
(
µ(1)
(3!)(−1)0
3!
23 + µ(3)
1!(−1)0
1!
21
)
= 2.
Similarly, we obtain dimL(2,1,0,0) = 2, and dimL(1,0,1,1) = 2. Hence dimL
(3,(1,1)) =
2 + 2 + 2 = 6.
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2.2 Characters of Free Restricted Color Lie Super-
algebras
Let L = L+ ⊕ L− be a free color restricted Lie superalgebra generated by X where
L± =
⊕
λ∈Λ± Lλ with dimLλ <∞ ∀λ ∈ Λ over a field F . Now we deduce the following
formula which relates the character of Lie color p-superalgebra to that of its restricted
enveloping algebra.
Lemma 2.2.1. Let L = L+ ⊕ L− be a Λ-graded color Lie p-superalgebra. Then
chΛ¯u(L) =
∏
λ∈Λ−
(1 + eλ)dimLλ
∏
λ∈Λ+
(1 + · · ·+ e(p−1)λ)dimLλ .
Proof. As in the case of Lemma 2.1.2, one has to use PBW-theorem for color Lie
p-superalgebras. The details are omitted. 
In the remaining part of this section we consider a Λ-graded color Lie p-superalgebra
satisfying G = G+; note that the ordinary restricted Lie algebra is a particular case.
(Recall that such color Lie p-superalgebras are called color Lie p-algebras.)
Petrogradsky ([28]) has defined functions 1p, µp : N→ N by:
1p(n) =


1, if (p, n) = 1
1− p, if (p, n) = p,
and
µp(n) =


µ(n), if (p, n) = 1
µ(m)(ps − ps−1), if n = mps, (p,m) = 1, s ≥ 1.
Recall that a function f : N → N is multiplicative if f(nm) = f(n)f(m) for any
coprime n, m. One can easily show that 1p and µp are multiplicative functions. Also
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we have the following property.
Lemma 2.2.2 ([28]).
∑
ab=n 1p(b)µp(a) = 0 for all n > 1.
Proof. We fill the details of the proof in [28]. First, we assume n is not divisible by
p. Let a, b ∈ N with ab = n. Then a and b are not divisible by p. Hence 1p(b) = 1 and
µp(a) = µ(a). Now, the statement follows from the property of the Möbius function.
Next, we suppose n is divisible by p. Write n = n′pk, k ≥ 1, where n′ is not divisible
by p. For all a, b ∈ N with ab = n, we write accordingly a = a′pr and b = b′ps where
r + s = k. Then
∑
ab=n
1p(b)µp(a) =
∑
a′b′=n′
1p(b
′)µp(a
′)
∑
r+s=k
1p(p
s)µp(p
r)
=
∑
a′b′=n′
µ(a′)
(
1(pk − pk−1) + (1− p)(pk−1 − pk−2) + · · ·+ (1− p)1
)
=
∑
a′b′=n′
µ(a′)
(
(pk − pk−1) + (1− p)(pk−1 − 1) + (1− p)
)
= 0,
where in the first line we used the fact that 1p and µp are multiplicative functions. 
We introduce the following two operators on formal series, which were defined by
Petrogradsky [28] in the case of Λ¯ = Nm0 .
Ep : Q[[Λ]]→ 1 +Q[[Λ]] : f 7→ exp
(
∞∑
m=1
1p(m)
m
f [m]
)
,
Lp : 1 +Q[[Λ]]→ Q[[Λ]] : f 7→
∞∑
n=1
µp(n)
n
lnf [n].
Now we show that these operators are similar to the exponential and logarithm.
Lemma 2.2.3.
1. The maps Ep and Lp are well defined and mutually inverse,
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2. Ep(f1 + f2) = Ep(f1)Ep(f2), f1, f2 ∈ Q[[Λ]],
3. Lp(f1f2) = Lp(f1) + Lp(f2), f1, f2 ∈ 1 +Q[[Λ]].
Proof. It follows from the finiteness condition of Λ that Ep and Lp are well defined.
Let f ∈ Q[[Λ]]. Then
Lp(Ep(f)) = Lp
(
exp
(
∞∑
m=1
1p(m)
m
f [m]
))
(definition of Ep)
=
∞∑
n=1
µp(n)
n
ln
(
exp
(
∞∑
m=1
1p(m)
m
f [m]
))[n]
(definition of Lp)
=
∞∑
n=1
µp(n)
n
ln
(
∞∏
m=1
exp
(
1p(m)
m
f [m]
))[n]
=
∞∑
n=1
µp(n)
n
ln

 ∞∏
m=1
exp
(
1p(m)
m
f [m]
)[n] (Lemma 2.1.3)
=
∞∑
n=1
µp(n)
n
∞∑
m=1
1p(m)
m
(f [m])[n]
=
∞∑
n=1
∞∑
m=1
f [mn]
mn
1p(m)µp(n) (Lemma 2.1.3)
=
∞∑
k=1
f [k]
k
∑
mn=k
1p(m)µp(n)
= f [1] (Lemma 2.2.2)
= f.
In a similar way, we can prove Ep(Lp(f)) = f, f ∈ 1 + Q[[Λ]]. The relations (2) and
(3) are clear. 
Theorem 2.2.4. Let L =
⊕
λ∈Λ Lλ be a Λ-graded color Lie p-algebra (G = G+) and
u(L) be its restricted enveloping algebra. Then
1. chΛ¯u(L) = Ep(chΛL),
2. chΛL = Lp(chΛ¯u(L)).
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Proof.
1. By Lemma 2.2.1, we have
chΛ¯u(L) =
∏
λ∈Λ
(1 + eλ + . . .+ e(p−1)λ)dimLλ .
Now, as (1− epλ) = (1− eλ)(1 + eλ + . . .+ e(p−1)λ), chΛ¯u(L) can be written as:
chΛ¯u(L) =
∏
λ∈Λ
(
1− epλ
1− eλ
)dimLλ
.
Therefore,
chΛ¯u(L) = exp

∑
λ∈Λ
dimLλ
(
(−ln(1− eλ) + ln(1− epλ))
) .
Using ln(1 + x) =
∑∞
n=1(−1)n+1 x
n
n
, we obtain
chΛ¯u(L) = exp

∑
λ∈Λ
dimLλ
(
∞∑
n=1
enλ
n
−
∞∑
n=1
epnλ
n
) .
Then, we see that
chΛ¯u(L) = exp

∑
λ∈Λ
dimLλ
(
∞∑
n=1
enλ
n
−
∞∑
n=1
epnλ
n
)
= exp

∑
λ∈Λ
dimLλ

 ∞∑
n=1,p-n
enλ
n
+
∞∑
n=1
(
enpλ
np
− e
npλ
n
)


= exp

∑
λ∈Λ
dimLλ

 ∞∑
n=1,p-n
enλ
n
+
∞∑
n=1
enpλ − penpλ
np




= exp

∑
λ∈Λ
dimLλ
∞∑
n=1
enλ
1p(n)
n


= exp

 ∞∑
n=1
1p(n)
n
∑
λ∈Λ
dimLλe
nλ


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= exp
(
∞∑
n=1
1p(n)
n
(chΛL)
[n]
)
= Ep(chΛL).
2. This relation follows directly from Lemma 2.2.3 and (1):
chΛL = LpEp(chΛL) = Lp(Ep(chΛL)) = Lp(chΛ¯u(L)).

Remark 2.2.5. One can also extend the definition of Ep to the general case Λ =
Λ+ ∪ Λ− as follows:
Ep : Q[[Λ]]→ 1 +Q[[Λ]] : f = f+ + f− 7→ exp
(
∞∑
m=1
1p(m)
m
f
[m]
+
)
exp
(
∞∑
n=1
1
n
f
[n]
−
)
.
Again, Ep is a well defined operator. Also, it is easy to see that
1. Ep(f1 + f2) = Ep(f1)Ep(f2), f1, f2 ∈ Q[[Λ]],
2. chΛ¯u(L) = Ep(chΛL).
Theorem 2.2.6. Let L = L(X) be the free color Lie p-algebra (G = G+) generated
by a Λ-graded set X =
⋃
λ∈ΛXλ, with |Xλ| <∞ for all λ ∈ Λ = Λ+. Then
chΛL(X) = −
∞∑
n=1
µp(n)
n
ln(1− ch[n]Λ X).
Proof. For the restricted color Lie superalgebra L = L(X), we denote the re-
stricted enveloping algebra of L by u(L). Let F 〈X〉 be the free associative algebra
on X. It is well known (see e.g., [4]) that u(L(X)) is isomorphic to F 〈X〉. Thus,
chΛ¯u(L) =
1
1− chΛX .
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Using Theorem 2.2.4, we get
chΛL = LpchΛ¯u(L) = Lp
(
1
1− chΛX
)
= −
∞∑
n=1
µp(n)
n
ln(1− ch[n]Λ X).

Corollary 2.2.7. Let L = L(X) be the free color Lie p-algebra generated by at most
countable set X = {xi | i ∈ I}. Then
H(L, ti | i ∈ I) = −
∞∑
n=0
µp(n)
n
ln
(
1−∑
i∈I
tni
)
.
In particular, if L is generated by X = {x1, . . . , xr}, then
H(L; t1, . . . , tr) = −
∞∑
n=1
µp(n)
n
ln(1− tn1 − · · · − tnr ).
Consider the special case Λ = N and wt : X → N : x 7→ 1. Then we have the
following result.
Corollary 2.2.8. Let L be a free color Lie p-algebra freely generated by X =
{x1, . . . , xr}. Then
H(L, t) = −
∞∑
n=1
µp(n)
n
ln(1− rtn).
Suppose that L is a free color Lie p-superalgebra generated by X = {x1, . . . , xr},
and is multihomogeneous with respect to the set X. For elements of L we introduce
the multidegree α = (α1, . . . , αr) ∈ Nr0, and the degree |α| = α1 + · · · + αr. We have
the following analogue of the Witt formula for the dimension of the multihomogeneous
components of L.
Corollary 2.2.9. Suppose L is a free color Lie p-algebra generated by X = {x1, . . . , xr}.
36
Then
dimLn =
1
n
∑
m|n
µp(m)r
n
m ,
dimLα =
1
|α|
∑
m|α
µp(m)
(|α|/m)!
(α1/m)! · · · (αr/m)! .
In particular, if L is the ordinary free Lie p-algebra, then we get Petrogradsky’s for-
mulas ([28]).
The following theorem was originally proved by Petrogradsky in [27, 26] for Lie
superalgebras case.
Theorem 2.2.10. Let L = L(X) =
⊕∞
n=1 Ln be a free color Lie p-algebra (G = G+)
generated by a Λ-graded set X =
⋃
λ∈ΛXλ. Then
chΛLn =
1
n
∑
k|n
µp(k)(ch
[k]
Λ X)
n
k .
Proof. We consider the new semigroup
Λ′ = Λ× N.
Define a weight function
wt : X → Λ′ : x 7→ (λ, 1), x ∈ Xλ.
Then, we consider L as a Λ′-graded. If we denote t = e(0,1) and eλ = e(λ,0), then
chΛ′X =
∑
(λ,i)∈Λ′
|X(λ,i)|e(λ,i)
=
∑
λ∈Λ
|X(λ,1)|e(λ,1)
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=
∑
λ∈Λ
|X(λ,1)|e(λ,0)e(0,1)
= t chΛX.
Using Theorem 2.2.6 and the operator of dilation, we see that
chΛ′L = −
∞∑
k=1
µp(k)
k
ln
(
1− ch[k]Λ′X
)
= −
∞∑
k=1
µp(k)
k
ln
(
1− tkch[k]Λ X
)
.
By the expansion of the logarithm, we have
chΛ′L =
∞∑
k=1
µp(k)
k
∞∑
m=1
tmk(ch
[k]
Λ X)
m
m
.
Therefore,
chΛ′L =
∞∑
n=1
tn
n
∑
k|n
µp(k)
(
ch
[k]
Λ X
)n
k .
On the other hand, it is clear that
chΛ′L =
∞∑
n=1
chΛLnt
n.
Hence,
chΛLn =
1
n
∑
k|n
µp(k)(ch
[k]
Λ X)
n
k ,
as desired. 
Suppose that G = G+ = {g1, . . . , gr} is an abelian group, and L is a free color
Lie p-superalgebra freely generated by a set X = Xg1 ∪ · · · ∪Xgr with |Xgi| = si ≥ 1
i = 1, . . . , r. We define a weight function
wt : X → Nr : x 7→ λi, for i = 1, . . . , r and x ∈ Xgi ,
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where λi = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the ith place. Again, we denote ti = e
λi ,
and so we have the following result.
Theorem 2.2.11. Suppose that G = G+ = {g1, . . . , gr} is an abelian group, and
L is a free color Lie p-algebra freely generated by a set X = Xg1 ∪ · · · ∪ Xgr with
|Xgi| = si ≥ 1 i = 1, . . . , r. Then
1. H(L; t1, . . . , tr) = −∑∞n=1 µp(n)n ln (1−∑ri=1 sitni ),
2. dimLα =
1
|α|
∑
n|α µp(n)
( |α|n )!
(α1n )!···(
αr
n )!
s
α1
n
1 . . . s
αr
n
r .
3. dimL(n,g) =
∑
α1+···αr=n
g
α1
1 ...g
αr
r =g
dimL(α1,...,αr).
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Chapter 3
Schreier Formula for Free
(Restricted) Color Lie
Superalgebras in Terms of Power
Series
A well-known theorem, due to Nielsen and Schreier, states that every subgroup of a
free group is again free. Moreover, if F is a free group of rank n and K is a subgroup
in F of finite index t, then the rank of K is given by
rank(K) = t (n− 1) + 1.
Kukin [14] obtained the analogues of these results for restricted Lie algebras: every
p-subalgebra of a free Lie p-algebra is again free and, moreover, if L is a free Lie
p-algebra of rank n and K is a p-subalgebra in L of finite codimension t, then the
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rank of K is given by
rank(K) = pt (n− 1) + 1.
In this chapter we aim to establish an analogue of Schreier formula for subalgebras of
free (G, γ)-color Lie (p-)superalgebras in terms of formal power series. Throughout
this work, the term subalgebra means a G-homogeneous subalgebra; all generators will
also be G-homogeneous. In order to define Hilbert-Poincaré series, the free generators
will be assigned degrees in N, so the free color Lie (p-)superalgebra will also be N-
graded. The term homogeneous will refer to this grading.
3.1 The Case of Restricted Color Lie Superalgebra
Let G be an abelian group with |G| <∞. Mikhalev obtained the following theorem.
Theorem 3.1.1 ([22]). A subalgebra of a free color Lie p-superalgebra is free.
Mikhalev also proved the following analogue of Schreier’s formula for free color
Lie p-superalgebras.
Theorem 3.1.2 ([22]). Let L = Lp(X) = L+ ⊕ L− be a free color Lie p-superalgebra
on X where rank(L) = |X| < ∞, and let K = K+ ⊕K− be a p-subalgebra of L with
dim(L+/K+) = t <∞ and dim(L−/K−) = s <∞. Then
rank(K) = 2spt(|X| − 1) + 1.
However, there is no straightforward analogue of Schreier index formula for the
free color Lie superalgebras in general. To obtain the desired generalization, we can
replace numbers with power series. Recall that a finitely graded setX is a countable set
with a weight function wt : X → N such that the subsets Xi := {x ∈ X | wt(x) = i}
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are finite for all i ∈ N. Let G = {g1, . . . , gr} and let L be a free color Lie superalgebra
freely generated by a finitely graded set X =
⋃
g∈GXg. We define the color series for
L as follows:
HX(L; tg1 , . . . , tgr) =
∞∑
j=1
r∑
i=1
agij t
j
gi
∈ Q[[tg1 ]]⊕ · · · ⊕Q[[tgr ]],
where
agij = dim {u ∈ Lgi | wt(u) = j} , j ∈ N.
This is analogous to the G-character of L as in Subsection 2.1.2 for Λ = N × G,
κG : (n, g) 7→ g, if we identify Q[G][[t]] with ⊕ri=1Q[[tgi ]] by means of the mapping
git 7→ tgi . Let us assume that G+ = {g1, . . . , gk} and G− = {gk+1, . . . , gr} (of course,
in general |G| = |G+| or |G+| = |G−|). Now, we define an operator Ep on the color
series φ(tg1 , . . . , tgr) =
∑∞
j=1
∑r
i=1 a
gi
j t
j
gi
Ep :
∑
g∈G
∞∑
j=1
agj t
j
g 7→
∞∏
j=1
(
1 + tj
)ζi,− ∞∏
j=1
(
1 + tj + t2j + . . .+ t(p−1)j
)ζi,+ ∈ Q[[t]],
where ζi,+ =
∑k
i=1 a
gi
j and ζi,− =
∑r
i=k+1 a
gi
j . Then it is easy to verify that the operator
Ep is multiplicative (that is Ep(0) = 1 and Ep(ϕ1(tg1 , . . . , tgr) + ϕ2(tg1 , . . . , tgr)) =
Ep(ϕ1(tg1 , . . . , tgr))Ep(ϕ2(tg1 , . . . , tgr))).
Remark 3.1.3. It can be shown that Ep defined here is the composition of the
operator defined in Remark 2.2.5 (for Λ = N × G) and the homomorphism from
Q[[N0 ×G]] to Q[[N0]] = Q[[t]] defined by (n, g) 7→ n.
Let Lp(X) be a free Lie p-algebra (G = {1}) generated by a finitely graded set X.
In this case,
Ep :
∞∑
n=0
ant
n 7→
∞∏
n=1
(1 + tn + · · ·+ t(p−1)n)an .
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Petrogradsky (see [25]) introduced an analogue of Schreier’s formula in terms of formal
power series for free Lie p-algebras. He proved that if L is a free Lie p-algebra generated
by a finitely graded set X, and K is a subalgebra of L, then there is a set of free
generators Y of K such that
H(Y, t) = (H(X, t)− 1) Ep (H (L/K, t)) + 1.
Now we are going to extend Petrogradsky’s formula to the case of color Lie p-
superalgebras. We denote by ad′y the operator L → L : x 7→ [x, y], so x (ad′y)m =
[. . . [x, y], . . . , y]︸ ︷︷ ︸
m−times
. We will require the following theorem.
Theorem 3.1.4. Let Lp(X) be a free color Lie p-superalgebra freely generated by a
set X.
1. If z ∈ X+, then the set
{
zp, y (ad′z)
m | y ∈ X \ {z} ,m = 0, 1, . . . , p− 1
}
is a a free generating set of a color Lie p-subsuperalgebra of Lp(X).
2. If z ∈ X−, then the set
{x, [x, z] | x ∈ X \ {z}} ∪ {[z, z]}
is a free generating set of a color Lie p-subsuperalgebra of Lp(X).
Proof. See [4, page 71]. 
Lemma 3.1.5. Let G = {g1, . . . , gr} be an abelian group, L = Lp(X) = ⊕g∈G Lg be
a free color Lie p-superalgebra generated by a finitely graded set X, and K ⊆ L be a
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homogeneous p-subalgebra such that L = K⊕〈Z〉F , where Z ⊆ X, |Z| <∞ and 〈Z〉F
denotes the F -vector space spanned by Z. If Y is a free generating set for K, then
H(Y, t) = (H(X, t)− 1) Ep (H (L/K; tg1 , . . . , tgr)) + 1.
Proof. We use the induction on |Z|. Let Z = {z}, wt(z) = a. We have two cases
• d(z) = gk ∈ G+ (1 ≤ k ≤ r): thenH (L/K) = tagk , and so Ep(H(L/K, tg1 , tg2 , . . . , tgr)) =
1 + ta + · · ·+ t(p−1)a. By the theorem above K is freely generated by the set
Y =
{
zp, y (ad′z)
m | y ∈ X \ {z} ,m = 0, 1, . . . , p− 1
}
.
Also,
H(Y ) = H(X \ {z})(1 + ta + t2a + . . .+ t(p−1)a) + tpa
= (H(X)− 1 + (1− ta))(1 + ta + t2a + . . .+ t(p−1)a) + tpa
= (H(X)− 1)(1 + ta + t2a + . . .+ t(p−1)a)
+(1− ta)(1 + ta + t2a + . . .+ t(p−1)a) + tpa
= (H(X)− 1)(1 + ta + t2a + . . .+ t(p−1)a) + 1− tpa + tpa
= (H(X)− 1)(1 + ta + t2a + . . .+ t(p−1)a) + 1
= (H(X)− 1)Ep(H(L/K)) + 1.
• d(z) = gk ∈ G− (1 ≤ k ≤ r): then Ep (H (L/K, tg1 , tg2 , . . . , tgr)) = 1 + ta. Also
K is freely generated by the following set
Y = {x, [x, z] | x ∈ X \ {z}} ∪ {[z, z]} .
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Now,
H(Y, t) = H (X \ {z}) (1 + ta) + t2a
= (H(X, t)− 1 + (1− ta)) (1 + ta) + t2a
= 1 + (H(X, t)− 1) Ep (H (L/K; tg1 , . . . , tgr)) .
Now suppose |Z| > 1. Pick out z ∈ Z, and let Z ′ = Z \ {z}. Then K ′ = K ⊕ 〈Z ′〉F
is a subalgebra, and so it is free. Let Y ′ be a basis of K ′. Now apply the inductive
hypothesis to the inclusions K ⊂ K ′, K ′ ⊂ L, to get
H(Y ′, t)− 1 = (H(X, t)− 1) Ep (L/K ′; tg1 , . . . , tgr) ,
and
H(Y, t)− 1 = (H(Y ′, t)− 1) Ep (K ′/K; tg1 , . . . , tgr) .
Therefore,
H(Y, t)− 1 = (H(X, t)− 1) Ep (L/K ′; tg1 , . . . , tgr) Ep (K ′/K; tg1 , . . . , tgr) .
This implies that
H(Y, t)− 1 = (H(X, t)− 1) Ep (H (L/K ′, tg1 , . . . , tgr) +H (K ′/K, tg1 , . . . , tgr)) ,
and so
H(Y, t) = (H(X, t)− 1) Ep (H (L/K; tg1 , tg2 , . . . , tgr)) + 1.

Lemma 3.1.6. Let G = {g1, . . . , gr} be an abelian group, L be a free color Lie
45
p-superalgebra freely generated by a finitely graded set X =
⋃
g∈GXg. Suppose that
K =
⊕∞
i=1Ki is a homogeneous p-subalgebra of L. Then we can find a homogeneous
set of free generators Y for K such that
H(Y, t) = (H(X, t)− 1)Ep (H (L/K; tg1 , . . . , tgr)) + 1.
Proof. We break the proof into three steps: 1) we construct a homogeneous free
generating set Y for K using a recursive procedure, 2) for each step of the recursion,
we express the Hilbert series of the free generating set in terms of its predecessor, and
3) derive the desired expression for H(Y, t).
Step 1: We represent K as the intersection of the decreasing sequence
L = K(0) ⊇ K(1) ⊇ K(2) ⊇ · · · ⊇ K(s) ⊇ · · · ⊇ K(∞) = K,
where K(s) = K1⊕ · · · ⊕Ks⊕Ls+1⊕ · · · ∀s = 1, 2, . . .. Suppose we have constructed
a free homogeneous generating set Y (s) for any K(s) (s = 1, 2, . . .) such that Y
(s)
i =
Y
(s−1)
i ∀i = 1, 2, . . . , s− 1. Then Y =
⋃∞
i=1 Y
(i)
i is a free generating set for K. Indeed,
a homogeneous element of degree s in K can be expresses as a linear combination
of monomials in the elements of Y (s), and these elements actually belong to Y since
their degrees do not exceed s. It follows that Y generates K and hence we have a
surjection L(Y )→ K, whose kernel must in fact be zero. Indeed, otherwise we would
have a relation in K among the generators that does not hold in the free algebra L(Y )
and, since this relation involves only finitely many generators, it can be regarded as
a relation among the elements of Y (s) for a sufficiently large s, contradicting the fact
that Y (s) is a free generating set ofK(s). Now, our goal is to construct a free generating
set for K(s) that includes the free generators of K(s−1) of degree at most s− 1.
Suppose that we have a subalgebra K with Kt = Lt ∀t 6= s, and for t = s
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we have Ls = Ks ⊕ L′s as a vector space. If we put Xt = X ∩ Lt t = 1, 2, . . .,
then our purpose is to build a free homogeneous generating set Y for K such that
Y1 = X1, . . . , Ys−1 = Xs−1. Let R be a homogeneous subalgebra in L generated by
X1 ∪ · · · ∪ Xs−1. As X is a free generating set, one can get Ls = 〈Xs〉F ⊕ Rs and
Rs ⊆ Ks. Also, by applying the modularity law, we get Ks = (〈Xs〉F ∩ Ks) ⊕ Rs.
Moreover, there exists a subspace L′′s ⊆ Ls such that 〈Xs〉F = (〈Xs〉F ∩ Ks) ⊕ L′′s .
Thus one may choose a basis X¯s = X
′
s∪X ′′s where X ′s and X ′′s are bases for the vector
spaces 〈Xs〉F ∩Ks and L′′s , respectively. Putting X¯t = Xt ∀t 6= s, then X¯ =
⋃∞
i=1 X¯i
is a free generating set for L.
Step 2: According to our construction in the first step, we observe that K(s−1) =
K(s) ⊕ 〈Z〉F where Z is a subset of the free generators of K(s−1). It follows from
Lemma 3.1.5,
H(Y(s)) = (H(Y(s−1))− 1)Ep(H(K(s−1)/K(s))) + 1,
for all s = 1, 2, . . ..
Step 3: By induction, one can easily prove that
H(Yi) = (H(X)− 1)Ep(H(L/K(i)) + 1,
for all i = 0, 1, . . .. According to our construction above, we have that for each i ∈ N
H(Y ) = H(Yi) mod (ti+1),
and
H(L/K) = H(L/K(i)) mod (ti+1).
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Hence, we can take the limit as i→∞, so that we have
H(Y ) = (H(X)− 1)Ep(H(L/K)) + 1.

If K is an arbitrary subalgebra of L (not necessarily homogeneous), then the
Hilbert-Poincaré series is defined to be
H(K) = H(grK) and H(L/K) = H(L/grK),
where the filtrations of K and L/K are imposed by the grading on L. Now we are
ready to prove the main theorem of this section.
Theorem 3.1.7. Let G = {g1, . . . , gr} be an abelian group and L = Lg1 ⊕ · · · ⊕ Lgr
be a free color Lie p-superalgebra generated by a finitely graded set X =
⋃r
i=1Xgi. If
K = Kg1 ⊕· · ·⊕Kgr is a subalgebra of L, then there is a set of free generators Y such
that
H(Y, t) = (H(X, t)− 1) Ep(H(L/K; tg1 , . . . , tgr) + 1.
Proof. The subspace K has a filtration
0 = K0 ⊆ K1 ⊆ · · ·
where
Ki = {k ∈ K | wt(k) ≤ i} i ∈ N.
By Lemma 3.1.6, we can find a set of free generators Y˜ for grK such that
H(Y˜ , t) = (H(X, t)− 1)Ep (H (L/grK; tg1 , . . . , tgr)) + 1.
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The elements of Y˜ have the form yn + K
n−1 for some n, where yn ∈ Kn. Now, for
every element y˜ = yn +K
n−1 ∈ Y˜ , we can choose an element of the form y = z + yn
z ∈ Kn−1. Let Y denotes the set of these forms. For y = z + yn ∈ Y , we write
wt(y) = n. Clearly, H(Y, t) = H(Y˜ , t). Now, Y is a free generating set of K.
Indeed, any linear dependence among the linear basis of L(Y ) corresponds with a
linear dependence among the linear basis in L(Y˜ ). Now H(L/K, t) = H(L/grK).
Then,
H(Y, t) = H(Y˜ , t)
= (H(X, t)− 1)Ep(H(L/grK, t) + 1
= (H(X, t)− 1)Ep(H(L/K, t) + 1.

Let L be a color Lie p-superalgebra. Suppose that K ⊆ L is a subspace of L closed
under Lie bracket. A p-hull of K is defined to be
〈K〉p =
〈
kp
n | k ∈ Kg, g ∈ G+, n ∈ N
〉
F
⊕K−.
Clearly, 〈K〉p is a color Lie p-subsuperalgebra (indeed it is the minimal p-subalgebra
containing K).
Remark 3.1.8. Let L = Lp(X) be a free color Lie p-superalgebra freely generated
by a set X with |X| ≥ 2. Suppose that X is totally ordered in such a way that if
x ∈ X+ and y ∈ X−, then y > x. Then the set Y of all monomials of the form
[[x1, . . . , xs−1], xs],
where xi ∈ X, s ≥ 2, x1 > x2 ≤ x3 ≤ · · · ≤ xs, xi 6= xi+1 for x ∈ X−, and also
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if x1, . . . , xs ∈ X−, then x1 ≥ x2 < x3 < · · · < xs, is a basis of the derived algebra
L′ = [L,L] ([4, page 61]). Hence it is a generating set for the p-hull of L′ (〈L′〉p).
Indeed, it is a basis of 〈L′〉p. For, any free generating set, Y¯ , for L′p is, in fact, a free
generating set for L′.
Remark 3.1.9. Let L = Lp(X) be a free color Lie p-superalgebra freely generated
by a finitely graded set X. Suppose that K is a homogeneous p-subalgebra of L freely
generated by Y . Then
H(Y, t) = H(K/[K,K] + 〈K+〉p).
As a result, any homogeneous set of free generators for K satisfies the Schreier’s
formula given in Theorem 3.1.7.
Example 3.1.10. LetG = G+∪G−, whereG+ = {g1, . . . , gk} andG− = {h1, . . . , hm}
(m = 0 or m = k), be an abelian group. Let L = Lp(X) be a free color Lie p-
superalgebra freely generated by X =
⋃
g∈GXg = X+ ∪ X− (X± =
⋃
g∈G± Xg) with
|Xgi| = si, i = 1, . . . , k, |Xhj | = qj, j = 1, . . . ,m, |X+| = s1 + · · · + sk = s, and
|X−| = q1 + · · · + qm = q. Let 〈L′〉p be the p-hull of the derived algebra L′ = [L,L].
Then
L/ 〈L′〉p =
〈
xp
n | x ∈ Xg, g ∈ G+, n ∈ N
〉
F
⊕ 〈y | y ∈ Xh, h ∈ G−〉F ,
and so
H(L/ 〈L′〉p ; t1, . . . , tk, u1, . . . , um) = s1(t1+tp1+· · · )+· · ·+sk(tk+tpk+· · · )+q1u1+· · ·+qkuk.
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This means that
Ep(H(L/ 〈L′〉p)) =
(
(1 + t+ · · ·+ tp−1)s(1 + tp + · · ·+ tp(p−1))s · · ·
)
(1 + t)q
=
(
1− tp
1− t
)s (1− tp2
1− tp
)s
· · · (1 + t)q
=
(1 + t)q
(1− t)s .
According to Theorem 3.1.7 and Remark 3.1.9, for every free generators Y of 〈L′〉p,
we have
H(Y, t) = ((s+ q)t− 1)(1 + t)
q
(1− t)s + 1
=
(1 + t)q(−1 + (s+ q)t)
(1− t)s + 1.
In particular, if s = t = 1, we get H(Y, t) = (1+t)(2t−1)
1−t
+ 1 = 2t
2
1−t
.
Remark 3.1.11. Suppose that G = G+ ∪ G− is an abelian group. Consider a
free color Lie p-superalgebra L = L+ ⊕ L− (L± = ⊕g∈G± Lg) freely generated by
X = {x1, . . . , xk}, wt(xi) = 1 i = 1, . . . , k. Suppose K = K+ ⊕ K− ⊆ L be a G-
homogeneous subalgebra with dim(L+/K+) = t < ∞ and dim(L−/K−) = s < ∞.
Assume Y is a free homogeneous generating set for K with H(Y, t) = ∑∞i=1 diti.
Now, H(L/K) = ∑∞n=1∑g∈G+ bgntng+∑∞n=1∑g′∈G− cg′n tng′ . Obviously, only finitely many
coefficients bgn and c
g′
n are nonzero,
∑∞
n=1 b
g
n = t, and
∑∞
n=1 c
g′
n = s. According to the
theorem above there exists a free generating set Y for K such that
H(Y, t) = (H(X, t)− 1) Ep(H(L/K)) + 1.
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Next, we replace t by 1, to get
rankK = |Y | = 2spt(|X| − 1) + 1.
This is the formula of Mikhalev (Theorem 3.1.2).
In particular, we obtain the Kukin’s result mentioned at the beginning of this
chapter.
Corollary 3.1.12. Suppose that K is a subalgebra of the Lie p-algebra Lp(X) of rank
|X| <∞ such that dim(Lp/K) = t <∞. Then
rankK = pt(|X| − 1) + 1.
3.2 The Case of Color Lie Superalgebra
A subalgebra of a free color Lie superalgebra is free [20]. The following analogue of
Schreier’s formula for free color Lie superalgebra also holds.
Theorem 3.2.1 ([21]). Let L = L+ ⊕ L− (L± = ⊕g∈G± Lg) be a free color Lie
superalgebra on X, where rank(L) = |X| <∞, and let K = K+⊕K− be a subalgebra
with K+ = L+ and dim (L−/K−) = s <∞. Then
rank(K) = 2s (rank(L)− 1) + 1.
Let us assume that G+ = {g1, . . . , gk} and G− = {gk+1, . . . , gr} (of course |G+| =
|G−| or |G−| = 0). We define an operator E on the color series φ(tg1 , . . . , tgr) =∑∞
j=1
∑r
i=1 a
gi
j t
j
gi
by
E : ∑
g∈G
∞∑
i=1
agi t
i
g 7→
∏∞
j=1 (1 + t
j)
ζi,−∏∞
j=1 (1− tj)ζi,+
.
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where ζi,+ =
∑k
i=1 a
gi
j and ζi,− =
∑r
i=k+1 a
gi
j . We note that E is a multiplicative
operator.
Remark 3.2.2. It can be shown that E defined here is the composition of the
operator defined in Subsection 2.1.1 (for Λ = N × G) and the homomorphism from
Q[[N0 ×G]] to Q[[N0]] = Q[[t]] defined by (n, g) 7→ n.
Let L(X) be a free Lie superalgebra (G = Z2) generated by a finitely graded set
X = X0 ∪X1 where
X0 = {x ∈ X | d(x) = 0} and X1 = {x ∈ X | d(x) = 1} .
In this case,
E :
∞∑
n=0
(
bnt
n
0 + b
′
nt
n
1
)
7→
∞∏
n=1
(1 + tn)b
′
n
(1− tn)bn ,
Petrogradsky (see [25]) introduced an analogue of Schreier’s formula in terms of formal
power series for free Lie superalgebras. He proved that if L is a free Lie superalgebra
generated by a finitely graded set X = X0 ∪X1, and K = K0⊕K1 is a subalgebra of
L, then there is a set of free generators Y of K such that
H(Y, t) = (H(X, t)− 1) E (H (L/K, t0, t1)) + 1.
Now we are going to extend Petrogradsky’s formula to the case of color Lie super-
algebras.
Theorem 3.2.3. Let G = {g1, . . . , gr} be an abelian group and L = Lg1 ⊕ · · · ⊕ Lgr
be a free color Lie superalgebra generated by a finitely graded set X =
⋃r
i=1Xgi. If
K = Kg1 ⊕ · · · ⊕Kgr is a subalgebra of L, then it has a free generating set Y with
H(Y, t) = (H(X, t)− 1) E(H(L/K; tg1 , . . . , tgr) + 1.
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Proof. We proceed as in the proof of Theorem 3.1.7. The only difference appears
in the proof of Lemma 3.1.5 when considering the following situation: K =
⊕
g∈GKg is
a homogeneous subalgebra of L with L = K⊕〈z〉F where z ∈ X and d(z) = gk ∈ G+.
Assume wt(z) = a. Then H (L/K) = tagk , and so E(H(L/K, tg1 , tg2 , . . . , tgr)) = 11−ta .
It is known that K is freely generated by the following set (see [4, page 56])
Y =
{
y, y (ad′z)
m | y ∈ X \ {z} ,m ∈ N
}
,
where y (ad′z) = [y, z], so y (ad′z)m = [. . . [y, z], . . . , z]︸ ︷︷ ︸
m−times
. Then
H(Y, t) = H (X \ {z} t)
(
1 + ta + t2a + · · ·+ tma + · · ·
)
=
(H(X, t)− ta)
1− ta
=
(H(X, t)− 1 + (1− ta))
1− ta
= 1 +
(H(X, t)− 1)
1− ta
= 1 + (H(X, t)− 1) E (H (L/K; tg1 , . . . , ggr)) .

Remark 3.2.4. Consider the case where K is a homogeneous subalgebra of L and
under the same assumptions as Theorem 3.2.3, we note that H(Y ) = H(K/[K,K]).
As a result, any homogeneous set of free generators for K satisfies the Schreier’s
formula.
In the special case that L is a Lie algebra, we obtain the following formula first
obtained by Petrogradsky [25].
Corollary 3.2.5. Let L be a free Lie algebra generated by a finitely graded set X,
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and let K be a subalgebra. Then, there is a free generators Y of K such that
H(Y ) = (H(X)− 1) E (H (L/K)) + 1.
Remark 3.2.6. Let G = {g1, . . . , gr} be an abelian group. Consider a free color Lie
superalgebra L = L+ ⊕ L− (L± = ⊕g∈G±Lg) freely generated by X = {x1, . . . , xk},
wt(xi) = 1 i = 1, . . . , k. Suppose K = K+ ⊕K− ⊆ L be a subalgebra with K+ = L+
and dim (L−/K−) = s < ∞. Assume Y is a free homogeneous generating set for
K with H(Y, t) = ∑∞i=1 diti. Now, H(L/K; tg1 , . . . , tgr) = ∑g∈G−∑∞i=1 cg,itig where
only finitely many coefficients cg,i are nonzero for all g ∈ G−, and ∑g∈G−∑∞i=1 cg,i =
dim(L−/K−) = s. According to Theorem 3.2.3 and by substituting t = 1, we have
|Y | = 2s(k − 1) + 1.
This is the formula due to Mikhalev (Theorem 3.2.1).
Corollary 3.2.7. Let L = L+ ⊕ L− be a free color Lie superalgebra freely generated
by X = X+ ∪ X− where |X| = r < ∞ (with r > 1). Suppose that K = K+ ⊕ K−
is a proper subalgebra of L such that K+ 6= L+ and dim(L/K) = s < ∞. Then
rankK =∞.
Proof. Suppose rankK is finite. By Theorem 3.2.3, there exists a free generating
set Y for K such that
H(Y, t) = (H(X, t)− 1) E(H(L/K; tg1 , . . . , tgr)) + 1.
Since dim(L/K) = s <∞, we have
E(H(L/K; tg1 , . . . , tgr)) =
(1 + t)a1(1 + t2)a2 · · · (1 + tk)ak
(1− t)c1(1− t2)c2 · · · (1− tj)cj ,
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where a1 + · · · + ak = dim(L−/K−) and c1 + · · · + cj = dim(L+/K+). As rankK is
finite, we have H(Y, t) = b1t+ · · ·+ bmtm. Therefore,
b1t+ · · ·+ bmtm − 1 = (rt− 1)(1 + t)
a1(1 + t2)a2 · · · (1 + tk)ak
(1− t)c1(1− t2)c2 · · · (1− tj)cj .
This contradicts with the fact that (1− t) does not divide the numerator. 
Corollary 3.2.8. Let L = L+ ⊕ L− be a free color Lie superalgebra freely generated
by X = X+ ∪X− where |X| > 1. Suppose that K = K+⊕K− is a nonzero ideal of L
such that K+ 6= L+. Then rankK =∞.
Proof. Choose an element a ∈ L+\K+. AsK is an ideal and a ∈ L+, E = K⊕〈a〉F
is a subalgebra of L and [E,E] ⊆ K. Then apply Corollary 3.2.7. 
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Chapter 4
Schreier Formula for Free
(Restricted) Color Lie
Superalgebras in Terms of
Characters
In this chapter we generalize the Shreier formulas obtained in Chapter 3 by replacing
N-gradings and Hilbert series in Q[[t]] with, respectively, Λ-gradings and characters
in Q[[Λ]] introduced in Chapter 2.
4.1 The Setup
Let G be an abelian group and γ : G × G → F ∗ be a skew-symmetric bicharacter.
Let Λ be a countable additive abelian semigroup satisfying the following conditions:
1. finiteness condition: each element λ ∈ Λ can be written as a sum of other
elements only in finitely many ways,
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2. Λ is well ordered by ≤ such that if λ < µ, then λ+ γ < µ+ γ for all λ, µ, γ ∈ Λ,
and also λ+ µ > λ for all λ, µ ∈ Λ (such semigroups are called positive),
3. There exists a homomorphism, κG : Λ→ G, from Λ onto G. In this case, Λ can
be partitioned as
Λ = Λ+ ∪ Λ−,
where
Λ± = {λ ∈ Λ | κG(λ) ∈ G±} .
We consider Λ-graded color Lie (p-)superalgebras L =
⊕
λ∈Λ Lλ, with dimLλ < ∞
∀λ ∈ Λ, where the G-grading is determined by the Λ-grading through κG in the sense
that Lg =
⊕
λ∈Λ
κG(λ)=g
Lλ. Let K ⊆ L be a not necessarily homogeneous subalgebra
of L. For k ∈ K, we consider its decomposition into homogeneous components k =
kλ1 + · · · + kλn , λi ∈ Λ, λ1 ≤ · · · ≤ λn, kλn 6= 0. In this case we write wtΛk = λn.
Also, K has a filtration (as an algebra)
⋃
λ∈ΛK
λ where
Kλ = K ∩ (⊕
θ≤λ
Lθ), λ ∈ Λ.
Also, the factor-space L/K acquires a factor-filtration given by
(L/K)λ = (Lλ +K)/K ∼= Lλ/(K ∩ Lλ).
Denote
Kλ− = K ∩ (⊕
θ<λ
Lθ), λ ∈ Λ.
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Then, one can construct a graded algebra grK as follows: set grK =
⊕
λ∈Λ∪{0}K
λ/Kλ−
as a vector space (set K0 = {0}), and define multiplication as:
Kλ/Kλ− ×Kθ/Kθ− → Kλ+θ/K(λ+θ)− : (a+Kλ−)(b+Kθ−) 7→ ab+K(λ+θ)−.
Then, in the nonhomogeneous case we define characters as:
chΛ(K) = chΛ(grK) and chΛ(L/K) = chΛ(L/grK).
4.2 Schreier Formulas
Let L be a free Lie superalgebra (G = Z2) generated by a Λ-graded set X =
⋃
λ∈ΛXλ
where |Xλ| < ∞ for all λ ∈ Λ. Petrogradsky ([27]) showed that if K is a subalgebra
of L, then there exists a set of free generators Y of K such that
chΛY = (chΛX − 1)E(chΛL/K) + 1,
where
E : ∑
λ∈Λ
hλe
λ 7→
∏
λ∈Λ−(1 + e
λ)hλ∏
λ∈Λ+(1− eλ)hλ
,
Moreover, if K is homogeneous, then any homogeneous set of free generators satisfies
this equality.
In the following theorem, we will extend his result to color Lie p-superalgebras
case. Let us introduce the operator Ep on Q[[Λ]],
Ep :
∑
λ∈Λ
hλe
λ 7→ ∏
λ∈Λ−
(1 + eλ)hλ
∏
λ∈Λ+
(1 + · · ·+ e(p−1)λ)hλ .
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The definition of Ep is motivated by the fact chΛ¯u(L) = Ep(chΛL) (Remark 2.2.5).
Recall that Ep is multiplicative (Remark 2.2.5), that is,
1. Ep(0) = 1,
2. Ep(f + g) = Ep(f)Ep(g), f, g ∈ Q[[Λ]].
Theorem 4.2.1. Let L be a free color Lie p-superalgebra freely generated by X =⋃
λ∈ΛXλ with |Xλ| < ∞ for all λ ∈ Λ. Suppose that K is a p-subalgebra of L. Then
there is a set of free generators Y of K such that
chΛY = (chΛX − 1)Ep(chΛL/K) + 1.
Proof. We use the same method as in the proof of Theorem 3.1.7. We break the
proof into three steps.
Step 1: Suppose that K is a homogeneous subalgebra of L with L = K ⊕ 〈Z〉F ,
Z ⊆ X, and |Z| < ∞. We prove our statement by induction on |Z|. Let Z =
{z}, z ∈ Xλ. There are two cases. First, λ ∈ Λ+. Then chΛL/K = eλ, and so
Ep(chΛL/K) = 1 + eλ + . . .+ e(p−1)λ. According to Theorem 3.1.4, the subalgebra K
is freely generated by
{
zp, y (ad′z)
m | y ∈ X \ {z} ,m = 0, 1, 2, . . . , p− 1
}
,
where y (ad′z) = [y, z]. Then
chΛ(Y ) = chΛ(X \ {z})(1 + eλ + . . .+ e(p−1)λ) + epλ
= (chΛ(X)− 1 + (1− eλ))(1 + eλ + . . .+ e(p−1)λ) + epλ
= (chΛ(X)− 1)(1 + eλ + e2λ + . . .+ e(p−1)λ) + 1− epλ + epλ
= (chΛ(X)− 1)(1 + eλ + e2λ + . . .+ e(p−1)λ) + 1
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= (chΛ(X)− 1)Ep(chΛ(L/K)) + 1,
and the desired formula is valid for this particular case.
Second, let λ ∈ Λ−. Then K is freely generated by the homogeneous elements ([4])
Y = {x, [x, z] | x ∈ X \ {z}} ∪ {[z, z]} .
Now,
chΛ(Y ) = chΛ(X \ {z})
(
1 + eλ
)
+ e2λ
=
(
chΛ(X)− 1 + (1− eλ)
)
(1 + eλ) + e2λ
= 1 + (chΛ(X)− 1) Ep (chΛ(L/K)) .
Now suppose that |Z| > 1. Then take z ∈ Z, and let Z ′ = Z \ {z}. Then K ′ =
K ⊕ 〈Z ′〉F is a subalgebra of codimension one. Also, of course it is free. Let Y ′ be a
basis of K ′. Now apply the inductive hypothesis to the inclusions K ⊂ K ′, K ′ ⊂ L,
to get
chΛ(Y
′)− 1 = (chΛ(X)− 1)Ep(chΛ(L/K ′),
chΛ(Y )− 1 = (chΛ(Y ′)− 1)Ep(chΛ(K ′/K).
Therefore
chΛ(Y )− 1 = (chΛ(X)− 1)Ep(chΛ(L/K ′)Ep(chΛ(K ′/K).
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Using the multiplicative property of Ep, we see that
chΛ(Y )− 1 = (chΛ(X)− 1)Ep(chΛ(L/K ′) + chΛ(K ′/K))
= (chΛ(X)− 1)Ep(chΛ(L/K)).
Step 2: Suppose that K =
⊕
λ∈ΛKλ is a homogeneous subalgebra. Then Kλ =
K ∩ Lλ, λ ∈ Λ. As in [27], we can prove our formula for a specially constructed
homogeneous free generating set Y . It follows from the finiteness condition of Λ and
assumption |Xλ| <∞, λ ∈ Λ that dimLλ <∞ for all λ ∈ Λ. We represent K as the
intersection of the decreasing sequence
K(λ) =

⊕
θ≤λ
Kθ

⊕

⊕
θ>λ
Lθ

 , λ ∈ Λ.
Suppose that we have constructed for any K(λ) a free homogeneous generating set
Y (λ) such that for any θ < λ one has Y (λ)σ = Y
(θ)
σ , σ ≤ θ. Then, as in the proof of
Lemma 3.1.6, one shows that Y =
⋃
λ∈Λ Y
(λ)
λ is a free generating set for K.
Let us introduce the series of subalgebras
K(λ−) =

⊕
θ<λ
Kθ

⊕

⊕
θ≥λ
Lθ

 , λ ∈ Λ.
Now, our goal is to construct Y (λ) by transfinite induction. Suppose that for any
σ < λ these sets are constructed. We have one of the following two cases. First, there
exists a maximal θ among {σ ∈ Λ | σ < λ}, then K(λ−) = K(θ) and this algebra is
generated by Y (θ). Second, when such maximal element does not exist, we consider
all Y (λ), σ < λ. We obtain Y (σ) by deleting some elements from Y (σ−)σ and adding
some elements in components of type σ1+mσ,m ≥ 1. Now, take arbitrary τ ≥ λ, by
finiteness condition, there exists δ(τ) = max {σ | τ = σ + σ1, σ < λ}. If we choose θ
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with δ(τ) < θ < λ, then on the θ-th step changes cannot occur in the τ -th component.
Hence, after λ, we have the following stabilization in components Y (δ(τ))τ = Y
(θ)
τ for
δ(τ) ≤ θ < λ. We set
Y (λ−) =
⋃
σ<λ
Y (σ)σ
⋃
τ≥λ
Y (δ(τ))τ .
Suppose we have a finite subset Y˜ ⊂ Y (λ−) lying in components σ1 < · · · < σs < λ <
σs+1 < · · · < σs+t. Then for ν = max {σs, δ(σs+1), . . . , δ(σs+t)} we have Y˜ ⊂ Y (ν).
This shows that Y (λ−) is the free generating set for K(λ−).
We temporarily consider that L = K(λ−), K = K(λ). Then Kσ = Lσ, σ 6= λ, and
Lλ = Kλ ⊕ L¯λ where L¯λ is the complement of the of the vector space. Our goal now
is to construct a free generating set Y for K with Yσ = Xσ, σ < λ. Let R be the
homogeneous subalgebra in K generated by
⋃
σ<λXσ. As X is a free generating set,
one can get Lλ = 〈Xλ〉F ⊕ Rλ and Rλ ⊆ Kλ. Also, by applying the modularity law,
we get Kλ = (〈Xλ〉F ∩Kλ)⊕ Rλ. Moreover, there exists a linear basis L′′λ ⊆ Lλ such
that 〈Xα〉F = (〈Xλ〉F ∩Kλ)⊕L′′λ. Thus one may choose a basis X¯λ = X ′λ ∪X ′′λ where
X ′λ and X
′′
λ are bases for the vector spaces 〈Xλ〉F ∩Kλ and L′′λ, respectively. Putting
X¯σ = Xσ ∀σ 6= λ, then X¯ = ⋃∞σ∈Λ X¯σ is a free generating set for L.
According to our construction, we observe that K(λ−) = K(λ) ⊕ 〈Z〉F where Z is a
subset of the free generators of K(λ−). It follows from the first step,
chΛY
(λ) = 1 + (chΛY
(λ−) − 1)Ep(chΛ(K(λ−)/K(λ))).
Using the inductive assumption, one can prove that (see [27])
chΛY
(λ) = 1 + (chΛX − 1)Ep(L/K(λ)),
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and then
chΛY = 1 + (chΛX − 1)Ep(chΛ(L/K)).
Step 3: Suppose that K is a nonhomogeneous subalgebra. In this case we consider
the associated graded subspace grK. Then the second step yields a homogeneous free
generating set Y¯ for grK with
chΛY¯ = (chΛX − 1)Ep(chΛ(L/grK)) + 1.
For y¯ ∈ Y¯ , we can choose one element of the form y = y1 + . . . + yn, yi ∈ Kλi ,
λ1 < λ2 < · · · < λn, λn 6= 0; in this case we write degy = λn and gry = yn. Hence,
there exists Y ⊂ K such that Y¯ = grY (grY = {gry | y ∈ Y }), and also we have a
bijection between Y and Y¯ . Then one can prove that Y is a free generating set for K
(see [27]). Clearly, chΛY = chΛY¯ . Finally, we have
chΛY − 1 = chΛY¯ − 1
= (chΛX − 1)Ep(chΛ(L/grK))
= (chΛX − 1)Ep(chΛ(L/K)).

In particular, if L is a p-Lie algebra (i.e., G = {1}), then Λ− is an empty set, so
that we have the following result.
Corollary 4.2.2. Let L be a free Lie p-algebra generated by a finitely Λ-graded set
X =
⋃
λ∈ΛXλ. Suppose K is a restricted subalgebra. Then it has a free generator Y
with
chΛY = (chΛX − 1)Ep(chΛ(L/K)) + 1,
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where
Ep :
∑
λ∈Λ
hλe
λ 7→ ∏
λ∈Λ
(1 + eλ + . . .+ e(p−1)λ)hλ .
Let G = {g1, . . . , gr}, where G+ = {g1, . . . , gk} and G− = {gk+1, . . . , gr} (of course
|G+| = |G| or |G+| = |G−|), and X = ⋃g∈GXg be a G-graded set. Suppose that for
all gi, i = 1, . . . , r, Xg is a finitely graded set with wtg : Xg → N. In this case, we can
consider a weight function wt : X → Nr defined by
wt : x 7→ (0, . . . ,wtgs(xgs), . . . , 0), x ∈ Xgs .
We define the homomorphism κG : N
r
0 → G by κ(λi) = gi for 1 ≤ i ≤ r where
λi = (0, . . . , 0, 1, 0, . . .) with unit in the ith place. We denote ti = e
λi , and so the
algebra Q[[Nr0]] turns into the formal power series ring Q[[t]] = Q[[t1, . . . , tr]]. We
have the following result.
Corollary 4.2.3. Let G = {g1, . . . , gr} be an abelian group and L = Lg1 ⊕ · · · ⊕ Lgr
be a free color Lie p-superalgebra generated by a finitely graded set X =
⋃r
i=1Xgi. If
K = Kg1 ⊕ · · · ⊕Kgr is a p-subalgebra of L, then there is a set of free generators Y
such that
H(Y ; tg1 , . . . , tgr) = (H(X; tg1 , . . . , tgr)− 1) Ep(H(L/K; tg1 , . . . , tgr) + 1,
where
Ep :
∑
g∈G
∞∑
i=1
agi t
i
g 7→
∏
g∈G−
i≥1
(
1 + tig
)ag
i
∏
g∈G+
i≥1
(
1 + tig + t
2i
g + . . .+ t
(p−1)i
g
)ag
i
.
Theorem 4.2.4. Let L be a free color Lie superalgebra generated by a finitely Λ-
graded set X =
⋃
λ∈ΛXλ. Suppose K is a subalgebra of L. Then it has a free generators
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Y with
chΛY = (chΛX − 1)E(chΛL/K) + 1.
If K is homogeneous, then any homogeneous set of free generators satisfies this equal-
ity.
Proof. Similar to Theorem 4.2.1. 
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Chapter 5
Application to Varieties of
(Restricted) Color Lie
Superalgebras
Let F be a field of characteristic p 6= 2, 3 (p 6= 0 in the case of p-superalgebras), G
an abelian group, γ : G × G → F ∗ a skew-symmetric bicharacter. Let us consider
the free (G, γ)-color Lie (p-)superalgebra L = L(X) (or Lp(X)), with a countable free
basis X = {x1, x2, . . .}. We call the elements of L Lie (p-)polynomials in the free
variables in the set X. Given a set V ⊂ L, consider all (G, γ)-color (p-)superalgebras
P satisfying identical relations (or identities) v(x1, . . . xn) = 0 in V . This means
that for any homomorphism ϕ : L → P one has v(ϕ(x1), . . . , ϕ(xn)) = 0. We say
that P belongs to the variety V of (G, γ)-color (p-)superalgebras defined by the set of
identities (with right hand sides) from the set V . If P is not necessarily in V, consider
the (p-)ideal V (P ) generated by all values of Lie polynomials in the set V , as above,
when the variables are replaced by arbitrary elements of P . Then V (P ) is the smallest
(p-)ideal of P such that P/V (P ) ∈ V. One calls V (P ) the verbal ideal (or T -ideal)
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of P defined by the set V . For example, if V = {[x1, x2]} then V (P ) = [P, P ] = P (1),
the commutator subalgebra of P and V = A is the variety of all abelian (G, γ)-color
(p-)superalgebras. If V = {x[p]} then V consists of superalgebras with zero p-map.
If Y is a nonempty set, then among all superalgebras in V which can be generated
by a set Y there is one, denoted by LV(Y ) called a free algebra in V with free basis Y
(or relatively free Lie superalgebra). This has the same universal property as L but
only for the superalgebras in V, namely, LV(Y ) is an algebra in V generated by Y
and such that any map ϕ : Y → P ∈ V uniquely extend to a homomorphism of Lie
(p-)superalgebras ϕ : LV(Y )→ P ∈ V. One can easily prove that LV(Y ) ∼= L/V (L).
Since the growth of LV(Y ) majorizes the growth of any algebra in V that can be
generated by a set of the same cardinality as Y , it is important to try to determine
the growth of relatively free (G, γ) color Lie (p-)superalgebras, at least for the most
common varieties. Since relatively free superalgebras over an infinite field are graded,
we may be able to compute their Hilbert series, which contains information about the
growth (see Chapter 6). Many verbal ideals appear in L by iterating the operations
of taking the commutators of previously defined verbal ideals. For instance, if I is
a verbal ideal, one can take the commutator ideal [I, I] for I, and this is again a
verbal ideal. If I and J are two verbal ideals then [I, J ] is a verbal ideal. In this
way we obtain the terms of the derived series L(n) = [L(n−1), L(n−1)] where L(0) = L.
The verbal ideal L(n), called the n-th derived algebra of L, defines the variety Sn of
solvable Lie superalgebras of solvability class at most n. In these algebras we have
P (n) = {0}. Another set of verbal ideals Lc+1 = [Lc, L], L1 = L, forms a descending
chain of ideals of L called the lower central series of L. The verbal ideal Lc+1 defines
the variety of nilpotent Lie superalgebras of nilpotent class at most c. This variety is
denoted by Nc. We have N1 = A = S1.
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If U and V are two varieties defined to the sets of Lie polynomials U and V of
L, consider a Lie superalgebra V (L) and the verbal ideal W (L) = U(V (L)). This
defines a variety W called the product of varieties U and V. We write W = UV.
Thus a variety Sn of all solvable superalgebras of class at most n is the product A
n
of n copies of the variety A of abelian Lie superalgebras. Solvable algebras of class
at most 2 are called metabelian. The variety of metabelian Lie superalgebras is the
square A2 of the variety of abelian Lie superalgebras. The product variety of the form
NckNck−1 · · ·Nc1 is called the variety of polynilpotent algebras relative to the sequence
ck, ck−1, . . . , c1. Its verbal ideal equals (. . . ((L
c1+1)c2+1) . . .)ck+1. If all ci equal 1, we
come back to Ak.
Another important operation is the commutator of two varieties [U,V]. Its verbal
ideal is the commutator of verbal ideals U(L) and V (L). An algebra P is in the
commutator [U,V] if [U(P ), V (P )] = {0}, in other words, any value in P of a Lie
polynomial of U commutes with any value of a Lie polynomial in V . For example,
if E is the trivial variety consisting of zero superalgebra only (its verbal ideal is the
whole of L) then [E,E] = A and [Nc,E] = Nc+1, for any c = 2, 3, . . .. An important
variety is the commutator [A2,E] of centre-by-metabelian Lie superalgebras. A super-
algebra P is in [A2,E] if the second commutator ideal P (2) is in the centre of P , that
is [P (2), P ] = {0}.
Using his original Schreier formula for Lie algebra and then superalgebras, Pet-
rogradsky was able to calculate Hilbert series for a large number of relatively free
Lie algebras and superalgebras [25, 27]. We will generalize his results to color Lie
superalgebras. The main point is that if we have a Hilbert series for a superalgebra
69
P = L(X)/Q (L(X) is a free color Lie superalgebra), where Q is an ideal of L(X),
one can find the Hilbert series for a free basis Y of Q hence a Hilbert series for a linear
basis Y + [Q,Q] for Q/[Q,Q], hence a Hilbert series for L/[Q,Q]. If P is a relatively
free algebra in a variety V defined by Lie polynomials V , that is, Q = V (L) then
L/[Q,Q] = L/[V (L), V (L)] is a relatively free algebra in the variety AV, and we have
determined a Hilbert series of this algebra. Moreover, if we know the Hilbert series
for Y , as above, we have the Hilbert series for the whole of Q, hence Witt’s formula
for the terms of the factors Qc/Qc+1. This allows us to find the Hilbert series of
Q/Qc+1, as the sum of Hilbert series for Q/Q2, . . . , Qc/Qc+1. Since Qc+1 is the verbal
ideal of Q, corresponding the variety Nc, adding this to the Hilbert series of P we
have determined the Hilbert series of P/Qc+1, which is a relatively free superalgebra
in the product variety NcV. In this way one can determine the Hilbert series for any
relatively free polynilpotent Lie superalgebra.
5.1 Characters and Hilbert Series for Solvable (Color)
Lie Superalgebras
We shall consider gradings by a semigroup Λ satisfying the conditions given in Section
4.1. Using the same arguments as in [26, Corollary 2.1] we can prove the following
lemma.
Lemma 5.1.1. Let L = L(X) be a free (color) Lie superalgebra freely generated by
X =
⋃
λ∈ΛXλ. Let L = L
1 ⊃ L2 ⊃ · · · be the lower central series and L = ⊕∞n=1 Ln
the respective gradation. Then
chGΛLn =
1
n
∑
k|n
µ(k)
((
chGΛ
)[k]
X
)n
k
,
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where µ(k) is the Möbius function.
The following theorem generalizes results from [25, 27] to the color case.
Theorem 5.1.2. Let LNcqNck−1 ···Nc1 (X) be the free polynilpotent (color) Lie superal-
gebra freely generated by a finitely Λ-graded set X =
⋃
λ∈ΛXλ. We define G-characters
ψGi , ϕ
G
i ∈ Q[G][[Λ]], i = 0, 1, . . . , q, by setting ψG0 = 0, ϕG0 = chGΛX, and
ψGi = ψ
G
i−1 +
ci∑
m=1
1
m
∑
k|m
µ(k)((ϕGi−1)
[k])
m
k , 1 ≤ i ≤ q,
ϕGi = 1 + (ch
G
ΛX − 1)EG(ψGi ) , 1 ≤ i ≤ q.
Then chGΛLNcqNck−1 ···Nc1 (X) = ψ
G
q .
Proof. Suppose that L(X) is the free color Lie superalgebra generated by X. We
consider the series of ideals
L(0) = L(X), L(n) = (L(n−1))
cn , n = 1, . . . , q.
Suppose that Y(n), n = 0, 1, . . . , q is the free homogeneous generating set for L(n). We
prove by induction that
chGΛY(n) = ϕ
G
n , ch
G
Λ(L(0)/L(n)) = ψ
G
n , n = 0, 1, . . . , q.
If n = 0, this is obvious. For n > 0. Using Lemma 5.1.1 and the inductive assumption
we obtain
chGΛ(L(0)/L(n)) = ch
G
Λ(L(0)/L(n−1)) + ch
G
Λ(L(n−1)/L(n))
= ψGn−1 +
cn∑
m=1
1
m
∑
k|m
µ(k)((ϕGn−1)
[k])
m
k = ψGn .
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By Corollary 4.2.4,
chGΛY(n) = 1 + (ch
G
ΛX − 1)EG(chGΛ(L(0)/L(n)))
= 1 + (chGΛX − 1)EG(ψGn ) = ϕGn .
In particular, if n = q, then LNcqNck−1 ···Nc1 (X)
∼= L(X)/L(q), and we obtain the desired
formula. 
Remark 5.1.3. We can define characters ψi, ϕi ∈ Q[[Λ]], i = 0, 1, . . . , q, by the
same recursive formulas (as was done in [27] for Lie superalgebras), so ϕi and ψi are
the images of, respectively, ϕGi and ψ
G
i under the homomorphism Q[G][[Λ]]→ Q[[Λ]]
induced by the augmentation map Q[G] → Q. Then Theorem 5.1.2 implies that
chΛLNcqNck−1 ···Nc1 (X) = ψq.
As a possible application of the above theorem, we would like to mention the study
of growth of finitely generated free polynilpotent color Lie superalgebras, as was done
in [13] in the case of Lie superalgebras. Using similar ideas, one can obtain a version of
Schreier formula for exponential generating functions, which can be applied to study
the so-called codimension growth of varieties of (color) Lie superalgebras (see [24]).
Example 5.1.4. Let G+ = {g1, . . . , gk} and G− = {h1, . . . , hm} (k = m or m = 0).
Suppose that L = L(X) =
⊕
g∈G Lg is a free color Lie superalgebra freely generated by
X =
⋃
g∈GXg = X+ ∪X−, where |Xgi| = si, i = 1, . . . , k and |Xhj | = qj, j = 1, . . . ,m.
Consider the grading by the semigroup Λ = Nr0 \ {0} where κ : Nr0 → G : λi 7→ gi
and ν : G → Z2 satisfies ν(gi) = 1 for 1 ≤ i ≤ k and ν(hj) = −1 for 1 ≤ j ≤ m. We
denote ti = e
λi , i = 1, . . . , k, and uj = e
λj , j = 1, . . . ,m. Then, the algebra Q[G][[Λ¯]]
turns into the formal power series ring Q[G][[t1, . . . , tk, u1, . . . , um]]. Let M(X) be a
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free metabelian on X. Then
H(M(X)) = H(L/L(1)) +H(L(1)/L(2)).
Now, we have H(L/L(1)) = H(X) = s1g1t1 + · · · + skgktk + q1h1u1 + · · · + cmhmum.
The second term is obtained by our Schreier’s formula (Corollary 4.2.4) for the free
basis Y of the commutator subalgebra L(1):
H(Y ) = (s1g1t1 + · · ·+ skgktk + q1h1u1 + · · ·+ cmhmum − 1)(1 + h1u1)
q1 . . . (1 + hmum)
qm
(1− g1t1)s1 . . . (1− sktk)sk +1.
5.2 Special Universal Enveloping Algebra
Let G be a finite abelian group. A (G, γ)-color Lie superalgebra L is called special
(or SPI) if there exists an associative G-graded PI-algebra A such that L ⊂ A(−),
where A(−) is the color Lie superalgebra obtained from A by taking the γ-super-
commutator for the bracket (see Section 1.2.3). For the abelian Lie superalgebras,
the universal enveloping algebra is color supercommutative, hence a PI-algebra. On
the other hand, if charF = 0 then Latyshev proved that the universal enveloping
algebra of a Lie algebra is PI if and only if this Lie algebra is abelian. But we can
also choose A equal to L as a graded vector space and set the product zero. Thus L is
embedded in an associative algebra satisfying the identity x1x2 = 0. This observation
was extended in [2] to the case of Lie algebras in the variety NcA, which consists of
the Lie algebras whose commutator subalgebras are nilpotent of class at most c. The
construction of the associative PI-envelope A for L is standard, which leads us to the
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notion of a special enveloping algebra for the algebras in NcA. In the remainder of this
section we generalize the result of [2] to the case of (G, γ)-superalgebras and calculate
the Hilbert series for the special enveloping algebras of (G, γ) superalgebras in NcA.
Theorem 5.2.1. For any (G, γ)-Lie superalgebra L whose commutator subalgebra
N = L2 is nilpotent there is an associative G-graded algebra A, with two-sided graded
nilpotent ideal B such that A/B is γ-commutative and L is a subalgebra of A(−).
Proof. Set N0 = L and assume N c+1 = {0}. Then choose a graded basis
E = E0 ∪ E1 ∪ . . . ∪ Ec so that for each i = 0, 1, 2, . . . , c the set Ei ∪ . . . ∪ Ec is a
basis of N i. Let us assign weight i to the elements of Ei and totally order E in such
a way that for any x, y ∈ E if wt(x) ≤ wt(y) then x ≤ y. Now consider the universal
enveloping algebra U(L) for L. If m = e1e2 · · · em is an element of the PBW-basis
of U(L), we set wt(m) = wt(e1) + wt(e2) + · · · + wt(em). If u ∈ U(L) is such that
u =
∑
s αsms, with all αs 6= 0 then we set wt(u) = mins{wt(ms)}.
Since in L, we have [N i, N j] ⊂ N i+j, for all i, j = 0, 1, . . . , c, we have that
wt[x, y]γ ≥ wt(x) + wt(y), for all x, y ∈ L. This enables us to conclude that if
w = f1, f2, . . . , fm ∈ E then wt(f1f2 · · · fm) ≥ n = wt(f1) + wt(f2) + · · · + wt(fm).
Indeed, this is clear if f1 ≤ f2 ≤ · · · ≤ fm. Otherwise, if say, f1 > f2, then
f1f2 = γ(g1, g2)f2f1 + [f1, f2]γ. Applying this procedure sufficiently many times, and
considering wt([f1, f2]γ) ≥ wt(f1) +wt(f2) we finally arrive to the linear combination
of ordered monomials each of which has the same form as w and weight at least n.
Then the minimum of weights is at least n and so our claim comes true. An immediate
corollary of this is the fact that for any u, v ∈ U(L) one has wt(uv) ≥ wt(u) + wt(v).
Finally, one can consider the set Us which includes 0 and all elements u ∈ U(L)
satisfying wt(u) ≥ s. By what we have just proved, Us is a two-sided ideal of U(L),
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for any s ≥ 1. Since Us is spanned by the products of graded elements (in E) it
is graded. It follows from N c+1 = {0} that L has no elements of weight greater or
equal than c + 1. Therefore, L ∩ Uc+1 = {0}. Let us set A = U(L)/Uc+1 and the
consider the natural (graded) homomorphism of associative algebras ν : U(L) → A.
Its restriction is a graded homomorphism of Lie superalgebras ν : L → A(−). Since
ker(ν) ∩ L = Uc+1 ∩ L = {0}, we have that ν isomorphically embeds L into A(−), as
graded Lie superalgebras.
If I = U1 then I
c+1 ⊂ Uc+1. Therefore, J = ν(I) is a nilpotent ideal of A = ν(U(L).
Now A/J is the span of the elements of the form e + J where e ∈ E0. The color
commutators of e, f ∈ E0 is in L2 hence is in the linear span of E1 ∪ . . . ∪ Ec. Thus
A/J is a supercommutative algebra, proving our theorem. 
The construction from the above theorem allows one to introduce a special univer-
sal enveloping algebra SU(L) for the algebras in the variety NcA by setting SU(L) =
U(L)/Uc+1. As in the setting of Chapter 2, assume that L is graded by semigroup Λ,
with the same conditions as requested there. Consider the Λ-character of L, charΛL,
and Λ¯-character of SU(L), charΛ¯SU(L). to establish the connection between these
characters one needs a version of PBW-Theorem for SU(L).
Proposition 5.2.2. Let E = E0 ∪ . . . ∪ Ec be a totally ordered basis of L chosen
in the same way as in the proof of Theorem 5.2.1. Let t be an independent variable.
Consider E(∑ci=0 tich(N i/N i+1)) where the operators of dilation [n] act also on this
variable. Discard all terms of degree c + 1 in t and plug t = 1 in the expression
obtained. This is charΛ¯SU(L), the character of SU(L).
We illustrate this proposition by finding the special enveloping algebra for the free
metabelian Lie algebras.
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Theorem 5.2.3. Let X be a finitely graded set, L = L(X) the free color Lie superal-
gebra with free basis X, M = M(X) free metabelian Lie color Lie superalgebra, with
the same free basis, SU(M) the special universal enveloping algebra for M . Then
charΛ¯(SU(M)) = E(charΛ(X))((charΛ(X)− 1)E(charΛ(X)) + 1).
Proof. Using the construction of SU(M) described earlier, we obtain the following.
charΛ¯(SU(M)) = E(charΛ(M/M2))charΛ(M2) = E(charΛ(L/L2))charΛ(L2/[L2, L2])
= E(charΛ(X))charΛ(Y ),
where Y is a free basis for L2. This latter can be computed using Schreier formula in
Chapter 5. We have the following
charΛ(Y ) = (charΛ(X)− 1)E(charΛ(L/L2)) + 1 = (charΛ(X)− 1)E(charΛ(X)) + 1.
Combining the last two equations, we obtain the formula in the statement of the
theorem. 
5.3 Hilbert Series for Centre-by-Metabelian Lie Al-
gebras
Centre-by-metabelian Lie algebras became of interest after Professor Kanta Gupta
found a 2-torsion in the free centre-by-metabelian groups. Earlier it was believed that
free groups in the varieties given by commutator identical relations, in particular, in
the variety of centre-by-metabelian groups given by [[[x, y], [x, t]], u] = 1, are torsion-
free. In [15, 41] the authors studied free centre-by-metabelian Lie rings and algebras.
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We use a basis from [41] to prove the following.
Theorem 5.3.1. Over any field of characteristic different from 2 the Hilbert series
of the free centre-by-metabelian Lie algebra P of rank 2 has the following form:
H(P, t) = 2t+ t
2
(1− t)2 +
2t5
1− t2 .
Proof. Let L be a free Lie algebra of rank 2, with free generators x, y. Then
P = L/[L(2), L] where L(2) is the second commutator subalgebra of L. We have the
following graded vector space isomorphism of P :
P ∼= (L/L2)⊕ (L2/L(2))⊕ (L(2)/[L(2), L]).
Thus
H(P, t) = H(L/L2, t)⊕H(L2/L(2), t)⊕H(L(2)/[L(2), L], t).
Now we have H(L/L2, t) = H({x, y}, t) = 2t. The second term is obtained using Pet-
rogradsky’s Schreier series formula for the free basis Y of the commutator subalgebra
L2:
H(Y, t) = (H({x, y}, t)− 1)E(H(L/L2, t)) + 1 = (2t− 1)E(2t) + 1 = t
2
(1− t)2 .
Finally, to determine H(L(2)/[L(2), L], t), we will use the linear basis of the second
commutator of the free centre-by-metabelian algebra found by Kuzmin [15] (we use
their form suggest by Umirbaev [41]). All commutators are left normed, that is,
[u, v, w] = [[u, v], w]. Consider the set E of commutators
[[xj, xi], [xl, xk, xi1 , xi2 , . . . , xir ]] (5.1)
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where r + 4 ≥ n + 1, j > i, l > k, j ≥ l, k ≤ i ≤ i1 ≤ i2 ≤ . . . ≤ ir and, moreover, if
(j, i) = (l, k) then r is odd. Then E is a basis of P (2) ∩ P n+1.
In the case where we have two generators x, y, with x > y, the condition if (j, i) =
(l, k) is always satisfied, hence the basis is formed by monomials (5.1) of odd degree
only. The least degree of monomials is 5 and if we use notation [u, vm] for [u, v, . . . , v︸ ︷︷ ︸
m
]
then the basis is formed by [[x, y], [x, ya, xb]] for arbitrary natural a > 0, b ≥ 0,
where a + b is an even number. As a result, in the Hilbert series H(L(2)/[L(2), L], t)
the coefficients for t2k are equal zero while the coefficient of t2k+1 equals 2k − 2,
k = 2, 3, . . .. Hence, we have the series
H(L(2)/[L(2), L], t) =
∞∑
k=2
(2k − 2)t2k+1 = 2t
5
1− t2 .

5.4 Characters and Hilbert Series for Solvable Re-
stricted (Color) Lie Superalgebras
In this section Λ denotes a countable additive abelian semigroup satisfying the con-
ditions given in Section 4.1.
Proposition 5.4.1. Assume Λ = Λ+ and let B =
⋃
λ∈ΛBλ be a finitely Λ-graded set.
Let V be a vector space with basis B over a field F of characteristic p > 0. Consider
a vector space V˜ with basis B˜ =
{
b[p
n] | b ∈ B, n = 0, 1, . . .
}
, where degb[p
n] = pndegb,
for each b ∈ B. Then
Ep(chΛV˜ ) = E(chΛV ),
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where Ep is defined in Remark 2.2.5.
Proof. Let us view V as an abelian Lie algebra and let U(V ) be its universal
enveloping algebra. Then chΛ¯U(V ) = E(chΛV ) (Theorem 2.1.5). Inside U(V ), which
is actually isomorphic to the polynomial algebra S(V ), we consider the elements
bp
n
, for b ∈ B, n = 0, 1, 2, . . .. These elements are linearly independent and they
form an abelian Lie p-algebra, which we can identify with V˜ . The character of a
Lie p-algebra and that of restricted enveloping algebra are related by the formula
chΛ¯u(V˜ ) = Ep(chΛV˜ ) (Remark 2.2.5). Since u(V˜ ) ∼= U(V ), we have Ep(chΛV˜ ) =
E(chΛV ), as claimed. 
It is convenient to define a new operator Jp : Q[[Λ]]→ Q[[Λ]] as follows. If λ ∈ Λ+,
then we set Jp(eλ) = eλ + eλp + eλp2 + · · · . If λ ∈ Λ− then we set Jp(eλ) = eλ. So,
if we consider a vector space V with basis B+ ∪ B− and a vector space V˜ with basis
B˜+ ∪B−, then chΛV˜ = Jp(chΛB+) + chΛB− = Jp(chΛV ).
Corollary 5.4.2. For V and V˜ as above, we have
1. chΛV = L(Ep(chΛV˜ )),
2. chΛV˜ = Jp(chΛV ).
Theorem 5.4.3. Let L be the relatively free (color) Lie p-superalgebra in the variety
of Lie p-superalgebras NcqNck−1 · · ·Nc1 freely generated by a finitely Λ-graded set X =⋃
λ∈ΛXλ. Let the characters ϕ0, . . . , ϕq, ψ0, . . . , ψq be defined as in Remark 5.1.3.
Then
chΛL = Jp(ψq).
Proof. This follows directly from Theorem 5.1.2 and Corollary 5.4.2. 
Corollary 5.4.4. Let L as in the above theorem, X = {xi | i ∈ I} , I = ⋃g∈G Ig
and Xg =
{
xig | i ∈ Ig
}
, where I is finite or countable. Let I+ =
⋃
g∈G+ Ig and I− =
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⋃
g∈G− Ig. Define ψi(t), ϕi(t) ∈ Q[[t]] as in [27, Corollary 4.1]. Then
H(L, t) = Jp(ψq(t)).
Let us consider the case of free metabelian Lie p-superalgebra [M(X)]p. For a
free metabelian Lie superalgebra M(X) we have the following: the character for
L(X)/L(X)(1) is chΛX. The free basis Y for L(X)
(1), hence the vector space basis for
L(X)(1)/L(X)(2), is given by Schreier’s formula
chΛY − 1 = (chΛX − 1)E(chΛX).
So the character of M(X) equals
chΛM(X) = chΛX + (chΛX − 1)E(chΛX) + 1.
Example 5.4.5. Consider a free metabelian Lie p-superalgebra generated by X
with |X| = 2 in three cases:
• Case 1: X = X+ with natural grading by N. Then chX = 2t0, and chY =
2t0−1
(1−t0)2
+1 =
t20
(1−t0)2
, and then chM(X) = 2t0 +
t20
(1−t0)2
. Therefore, ch[M(X)]p =
Jp
(
2t0−3t20+2t
3
0
(1−t0)2
)
. This case includes the free metabelian p-algebra, whose basis
was founded by Artamonov [1].
• Case 2: X = X− with natural grading by N. Then chX = 2t1, and chY =
(2t1 − 1)(1 + t1)2 + 1 = 3t21 + 2t31, and so chM(X) = 2t1 + 3t21 + 2t31. Hence,
ch[M(X)]p = 3Jp(t21) + 2t1 + 2t31 = 3(t21 + t2p1 + t2p
2
1 + · · · ) + 2t1 + 2t31.
• Case 3: |X+| = |X−| = 1 with natural grading by N× N. Then chX = t0 + t1,
and chY = (t0 + t1 − 1)1+t11−t0 + 1, so that after some calculations, we can get
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chM(X) =
t0+t21−t
2
0
1−t0
+ t1
1−t0
. Hence, ch[M(X)]p = Jp
(
t0 +
t21
1−t0
)
+ t1
1−t0
.
Indeed, in the latter case the basis of [M(X)]p is given by (where X+ = {x1} and
X− = {x2})
x
[pn]
1 , [x2, x2, x1, x1, . . . , x1︸ ︷︷ ︸
k−times
][p
n] and [x2, x1, . . . , x1︸ ︷︷ ︸
l−times
], n, l, k = 0, 1, 2, . . . .
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Chapter 6
Relative Growth Rate of
Subalgebras of Color Lie
Superalgebras
Hilbert series can be used to study the growth rate of a finitely generated algebra.
Let S be an associative or a Lie algebra generated by a finite subset X, and consider
the filtration associated to X, namely, let Sn(X) be the F -subspace of S spanned by
all monomials of length less than or equal to n in the elements of X. The growth
function of S with respect to X is defined by
γS(n) = dimSn(X).
In the case of groups, if X = {x1, . . . , xk} is a generating set of a group H, then the
growth function of H is defined to be the number of elements of H that can be written
as words of length at most n in terms of the generators and their inverses; it is the
same as the growth function of the group algebra FH, γFH(n), with respect to the
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generating set X ∪X−1, where X−1 =
{
x−11 , . . . , x
−1
k
}
. The limit
limn→∞ (γS(n))
1
n
always exists and does not depend on X (see e.g., [37]); it is called the growth rate
(or exponent or entropy) of S. We will denote it by αS.
1. If limn→∞ (γS(n))
1
n > 1, then S has exponential growth, otherwise, S has subex-
ponential growth.
2. If there exists a polynomial p with γS(n) ≤ p(n) for all sufficiently large n, then
S has polynomially bounded growth.
3. If S has subexponential and not polynomially bounded growths, then S has
intermediate growth (that is, S lies between polynomial and exponential).
Let λS(n) = γS(n)− γS(n− 1). It is known that S has subexponential growth if and
only if lim supn→∞ (λS(n))
1
n ≤ 1 ([37]).
The relative growth rate of a subalgebra A of S is defined by
αA = limsupn→∞(γA(n)− γA(n− 1))
1
n ,
where γA(n) = dim(A ∩ Sn(X)). The relative growth rate of A could also be defined
as limn→∞γA(n)
1
n , but the former definition is preferred as it allows us to compute the
relative growth rate as the inverse of the radius of convergence of the Hilbert series
of the subalgebra A.
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6.1 Equality of the Growth Rate of the Free Color
Lie Superalgebra and Its Enveloping Algebra
Let L = L(X) be a free color Lie superalgebra freely generated by the set X =
X+∪X−, where |X+| = r and |X−| = s. Recall that the dimension of the homogeneous
subspaces Ln is given by Witt formula (Corollary 2.1.14)
dimLn =
1
n
∑
m|n
µ(m)(r − (−1)ms) nm .
Theorem 6.1.1. The free color Lie superalgebra L and its enveloping algebra have
the same growth rate.
Proof. Ifm ≥ 2, then |µ(m)(r−(−1)ms| nm ≤ (r+s)n2 . Since limn→∞∑nm=2 1(r+s)n2 =
0, we have
limn→∞
ndimLn
(r + s)n
= 1.
Hence, for any  > 0, there is N ∈ N such that for all n ≥ N , we have
∣∣∣∣∣ndimLn(r + s)n − 1
∣∣∣∣∣ < ,
that is
(r + s)n
n
(1− ) ≤ dimLn ≤ (r + s)
n
n
(1 + ).
As limn→∞
(
(r+s)n
n
(1− )
) 1
n = limn→∞
(
(r+s)n
n
(1 + )
) 1
n = r + s, we have
limn→∞ (λL(n))
1
n = r + s.
On the other hand, the universal enveloping algebra of L is the free associative algebra
generated by X, and so its growth rate is r + s. 
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6.2 Growth of Finitely Generated Subalgebras of
Free Color Lie Superalgebras
The relative growth rate of a finitely generated subalgebra K of a free Lie algebra
L of finite rank is strictly less than the growth rate of the free Lie algebra itself ([7,
Theorem 1]). The following example shows that this theorem cannot be generalized
to the case of free color Lie superalgebras.
Example 6.2.1. Let L be a free color Lie superalgebra freely generated by X =
X+ ∪ X− where X+ = {x1, . . . , xr} and X− = {y}. Let us consider the subalgebra
K of L where L = K ⊕ 〈{y}〉F . It is well known that K is freely generated by the
following set (see [4, page 56])
Y = {x, [x, y] | x ∈ X \ {y}} ∪ {[y, y]} .
Therefore, rankK = 2r + 1. According to the Schreier formula
rank(K) = 2s (rank(L)− 1) + 1,
we have dimL/K = 1; that isK is a subspace of L of finite codimension. Consequently,
the growth rate of L/K is 0. Therefore, the growth rate of K equals to the growth
rate of L.
Let L be a color Lie superalgebra generated by X, and K ⊆ L be a subalgebra,
not necessarily homogeneous with respect to the natural N-grading of L. We note
that the relative growth of K is the same as the relative growth of the associated
graded subspace grK, the linear span of the leading parts (LP ) of nonzero elements
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of K. In the following result we show that the theorem above extends to the case
L = L+.
Theorem 6.2.2. Let L = L+ be a free color Lie superalgebra freely generated by
X = {x1, . . . , xr}, and K be a finitely generated proper subalgebra of L. Then the
relative growth rate of K is strictly less than the growth rate of the free color Lie
superalgebra itself.
Proof. In our proof, we follow [7]. We break the proof into the following two
steps:
Step 1: Assume K is homogeneous. Let {z1, . . . , zk} be a free homogeneous basis of
K. As K is proper, the intersection K ∩ L1 is a proper subspace of L1. Let Z be
the set of all zi that have degrees 1. This is a basis of the space K ∩ L1, which can
be extended to a basis Z ′ of the space L1. Hence, Z
′ is a new free basis of L that
properly includes Z. Replacing X with Z ′, we may assume without loss of generality
that the elements of degree 1 in the free homogeneous basis {z1, . . . , zk} of K are
contained in X, and that x1 is not in K. Let us consider L as a subalgebra in the
free associative algebra A = A 〈X〉. We can write z1, . . . , zk as linear combination
of finitely many monomials u1, . . . , ut in A. Let B be a subalgebra of A generated
by {u1, . . . , ut}, so K ⊆ B, and it is sufficient to to show that the exponent of the
growth of B is less than r, which is also the exponent of L and also of A according
Theorem 6.1.1. As x1 /∈ K, we have x1 /∈ {u1, . . . , ut}. Also, none of u1, . . . , ut is a
power of x1, since no such monomial can appear while writing the elements of the free
color Lie superalgebra L(X). (Note that this statement is not true for general free
color Lie superalgebras.) Let m = max {degu1, . . . , degut} (the degree with respect
to x1, . . . , xr), and choose d ≥ 2m. Since each of the monomials u1, . . . , ut contains
as a factor a letter different from x1, no product of these monomials can contain a
subword xd1. Indeed, the maximum length of uninterrupted string of x1 in the product
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uiuj is degui + deguj − 2 ≤ 2m − 2 < d. According to [6, Lemma 8], there exists
C,  > 0 such that the number of words of length n which do not have xd1 as a subword
is bounded by C(r− )n. That is, the exponent of B is strictly less than r, as desired.
Step 2: the general case. We will use the associated graded algebra grK, which is
a proper homogeneous subalgebra of L. Following [4], we will say that a subset M
of G-homogeneous elements in L(X) is called reduced if the leading part of any of
its elements does not belong to the subalgebra generated by the leading parts of the
remaining elements of M . By [4, Lemma 3.12], there exists a reduced subset M in K
such that M generates K. Also, by [4, Theorem 3.15], M is independent, and so M
is a free generating set of K. Let us denote
M ′ = {LP(m) | m ∈M} ,
the set of leading parts of the elements in M . As in [7, Lemma 5], one shows that
M ′ is a free generating set of grK. According the first step, the growth rate of grK
is strictly less than r. 
87
Chapter 7
Schreier Formulas for Other
Objects
Schreier techniques have been applied to a variety of objects, notably to absolutely
free, free commutative and free anticommutative algebras [29], to free modules over
free associative algebras and over group algebras of free groups [18], and to free actions
by free monoids [5]. Here we will generalize some of these results and discuss some
applications.
7.1 Actions by Free Monoids
Let X be a nonempty set (will be called an alphabet and its elements will be called
letters). Then the set of all words over X including the empty words denoted by 1,
X∗, is a monoid under the juxtaposition (concatenation)
(u, v) 7→ uv.
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A generating subset B of a monoid S is a base if and whenever
b1 . . . bn = c1 . . . cm
with b1, . . . , bn, c1, . . . , cm ∈ B, then n = m and bi = ci ∀i = 1, . . . , n. A monoid M
is free if and only if there exists a base B such that B∗ = M . B is called the base of
M . The cardinality of B depends only on S and it is called the rank of S.
A monoid S acts on a nonempty set M if there is a map µ : M × S → M (we write
µ(m, s) = ms for s ∈ S and m ∈M) satisfying the following conditions:
1. m(st) = (ms)t,
2. m = m1,
for all s, t ∈ S and m ∈M . In this case we say M is a (right) act over S. A subset B
of M is a generating set if M = BS. Given an S-act M with a nonempty generating
subset B, we say that B is a basis of M if whenever b1s1 = b2s2 (b1, b2 ∈ B, and
s1, s2 ∈ S), then b1 = b2, and s1 = s2. In this case M is free. Also, if |B| = r, then
M is free of rank r and we write rankM = r.
For an element s = s1 . . . sk, si ∈ S of a free monoid S∗, the number k is the weight
of s. Also, if M is a free (right) act with basis A over S∗, and M is a finitely graded
set, then the weight of ms, m ∈ M and s ∈ S∗, is the sum of the weights of m and
s. Bahturin and Olshanskii obtained the following analogue of Schreier’s formula for
the free monoids.
Theorem 7.1.1 ([5]). Let M be a free (right) act with basis A over a free monoid
S with a basis X, and let P be a subact. Then P is free. Moreover, if A and X are
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finitely graded sets, and B is a basis of P , then
H(B, t) = H(A, t) +H(M \ P, t)(H(X, t)− 1).
Note that in this formula the factor space is replaced by a set theoretic complement
M \ P .
Now we establish a more general result.
Theorem 7.1.2. Let Λ be a countable additive abelian semigroup with finiteness
condition. Suppose that P is a subact of a free (right) act M with a basis A over a
free monoid S with a basis X. If A and X are Λ-finitely graded set and B is a basis
of P , then
chΛB = chΛA+ chΛ(M \ P )(chΛX − 1).
Proof. The characters for M and P are equal to
chΛM = chΛAchΛS and chΛP = chΛBchΛS,
respectively. The first claim follows from the definition, the second follows from the
freeness of P . Obviously, chΛM = chΛP + chΛ(M \ P ). So
chΛ(A)chΛ(S) = chΛ(B)chΛ(S) + chΛ(M \ P ). (7.1)
According to Lemma 2.1.9, we have
chΛS =
1
1− chΛX .
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Now, applying 7.1 we obtain the desired formula
chΛB = chΛA− chΛ(M \ P )(1− chΛX)
= chΛA+ chΛ(M \ P )(chΛX − 1).

Corollary 7.1.3. Let Λ be a countable additive abelian semigroup with finiteness
condition. Let X be an alphabet with Λ-character chΛX, and let v be a word in X
with weight λ relative to Λ (wtΛv = λ). Suppose that Wv is the set of words which do
not contain v as a prefix. Then
chΛWv =
1− eλ
1− chΛX .
Proof. Consider X∗ as free right X∗ act with one generator 1, and P as subact
vX∗ (the set of words over X that contain prefix v). The free basis B of P is v. Hence
chΛB = e
λ. Since Wv = X
∗ \ P , we have chΛWv = chΛ(X∗ \ P ). By Theorem 7.1.2,
we obtain
eλ = 1 + chΛWv(chΛX − 1).
Hence
chΛWv =
1− eλ
1− chΛX .

Corollary 7.1.4. Consider the grading by Λ = N. Let X = {x1, . . . , xr}, wtxi =
1, i = 1, . . . , r. If v is a word in X with wtΛv = m, then
H(Wv, t) = t
m − 1
rt− 1 ,
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where Wv is the set of words which do not contain v as a prefix.
7.2 Actions by Free Associative Algebras
Cohn ([8, Section 4.5]) obtained the following formula for the generating function of
the set of generators of an arbitrary right ideal of free associative algebras.
Theorem 7.2.1. Let X be a finitely graded set, A(X) a free associative algebra with
free generating set X, and I an arbitrary right ideal of A(X). Then I is a free right
A(X)-module and, for any basis B of I (as a right A(X)-module), we have
H(B, t) = H((A(X)/I, t))(H(X, t)− 1) + 1.
This result in fact holds more generally.
Theorem 7.2.2. Let A = A(X) be a free associative algebra freely generated by a
finitely graded set X. Suppose N is a submodule of free left (right) A-module M of
rank s. Then, for any basis B of N , we have
H(B, t) = H(M/N, t)(H(X, t)− 1) + s.
Proof. M ∼= A1 ⊕ · · · ⊕ As where Ai ∼= A, i = 1, . . . , s. The claim is clearly true
if s = 1. So we proceed by induction. For s > 1. Then N ∩ A1 is a submodule of A1
(rankA1 = 1). Also, by the second isomorphism theorem N/(N ∩A1) is isomorphic to
(N +A1)/A1 which is isomorphic to a submodule (say Q) of A2⊕· · ·⊕As. Therefore,
N ∼= P ⊕ Q where N is a submodule of A1 and Q is a submodule of A2 ⊕ · · · ⊕ As.
Hence, any base B of N is the union of a basis B1 of P and a basis B2 of Q. Using
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the inductive hypothesis, we have
H(B, t) = H(B1, t) +H(B2, t)
= H(A1/P, t)(H(X, t)− 1) + 1 +H(A2/Q, t)(H(X, t)− 1) + s− 1
= H(M/N, t)(H(X, t)− 1) + s.

7.3 Schreier Transversals and Schreier Free Bases
of the Commutator Subgroup of the Free Group
In [5] the authors have suggested the generalization of Schreier formula for an even
subgroup H (that is, generated by elements of even length) of a free group Fr of finite
rank r. In their formula the rank of the subgroup does not need to be a finite number.
Instead, the authors have considered certain power series for a specially constructed
free basis of H and for the set Fr/H of right cosets of H. The notion of degree for an
element w in the case of groups is replaced by the minimal length of word representing
w. The notion of degree for a right coset Hu is replaced by the minimal length of
elements in the coset Hu.
One of the basic notions is that of Schreier transversal T for a subgroup H of a
free group Fr, with a symmetric group alphabet X = {x±11 , . . . , x±1r }. This is the
set of reduced words (without subwords of the form yy−1, y ∈ X) such that, for any
u, v ∈ T , Hu = Hv implies u = v, Fr = ∪u∈THu and, finally, any prefix of a word
in T is itself in T . If w ∈ Fr is such that Hw = Hu, where u ∈ T , then we write
u = w. Given a Schreier transversal T for H in Fr one can construct a Schreier free
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basis B for H as follows. If u ∈ T and y ∈ X, consider uyuy−1. It is well-known [17,
Section 1.3] that the set of these latter elements different from e, forms a free basis
of the subgroup H. A Schreier transversal is called geodesic if the length of u ∈ T is
minimal among the lengths of all elements in Hu. It is proven in [5] that the lengths
of the elements in the Schreier basis B for H and the lengths of the elements of the
geodesic Schreier transversal T for H, in the case where H is even are related by the
following Schreier-type formula. Let bn be the number of elements of length n in the
(symmetric) Schreier basis B for H, cn the number of elements of length n in the
Schreier transversal T , H(B, t) = ∑∞n=1 bntn, H(Fr/H, t) = ∑∞n=0 cntn. Then
H(B, t) = 2
(
2rt2
t2 + 1
− 1
)
H(Fr/H, t2) + 2. (7.2)
In this section we compute the Hilbert series for a free basis of the commutator
subgroup F ′2 of the free group, based on the fact that the factor group F2/F
′
2 is a free
abelian group of rank 2. We will compare this with the basis of F ′2 constructed with
the help of the Schreier transversal T for F ′2.
It is convenient to use the geometric approach to the set of right cosets of a sub-
group H in Fr, as follows. We consider a graph Γ(Fr/H) whose vertices are the cosets
Hu, u ∈ Fr. We connect Hu with Hv with an edge e if there is y ∈ X such that
Huy = Hv. We assign to e the label y. The inverse edge e−1 goes from Hv to Hu and
its label is y−1. The length of Hu is the length of the shortest path on the graph from
the origin H to Hu. If we multiply consecutively all labels of edges of the minimal
path, then we arrive at a reduced word of shortest length in Hu. Thus the number cn
defined earlier is the number of vertices in Γ(Fr/H) in the distance n from the origin.
One calls the set of vertices at the distance at most n from the origin the ball of radius
n and denote Bn(Fr/H). The set Sn(Fr/H) = Bn(Fr/H) \ Bn−1(Fr/H) is called the
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sphere of radius n in Γ(Fr/H). To obtain a Schreier transversal for a subgroup H one
has to consider in Γ(Fr/H) a maximal subtree T with root at the origin. If u ∈ Fr
then one has to take a vertex Hu of Γ(Fr/H). Because T is maximal, there is a
unique path π on the tree from the root to Hu. If we multiply the labels of all edges
of π in order, we obtain u ∈ T . If now y ∈ X then one has to consider an edge e from
Hu to Huy, with label y. If e is not on T then we consider the loop λ from the origin
to Hu to Huy and back to the origin. The consecutive product of the labels of edges
of λ, also called the label of λ, is a nontrivial element of H, one of the elements of
the free Schreier basis B of H. It easily follows that the elements of B are in one-one
correspondence with the non-tree edges of Γ(Fr/H).
In the case of F2 = F (x, y), H = F
′
2, Γ(F2/H) is the set if integral points on the
real plane, the edges being oriented horizontal and vertical unit intervals. Each point
with coordinates (k, l) represents the right coset Hxkyl. There is an edge from (k, l)
to (k, l + 1) with label y, etc. Altogether, four edges start from each point (k, l) and
four edges end in (k, l), with labels x±1 and y±1. The sphere of each radius n in this
graph is the rhombus |k| + |l| = n. The set T = {xkyl | k, l ∈ Z} is therefore a
geodesic Schreier transversal for H = F ′2. The number of elements in each sphere Sn
(here rhombus) is 4n, except S0, which has one point. The Hilbert series of this set
is thus
H(Fr/H, t) = 1 +
∞∑
n=1
4ntn =
(1 + t)2
(1− t)2 .
Plugging this series in (7.2), we have the following
H(B, t) = 2
(
4t2
t2 + 1
− 1
)
(1 + t2)2
(1− t2)2 + 2 = 2
(3t2 − 1)(1 + t2)
(1− t2)2 + 2 =
8t4
(1− t2)2 .
To confirm this formula by direct computation, we will find the Schreier geodesic ba-
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sis arising from the above geodesic Schreier transversal. Note that geometrically, the
corresponding maximal tree consists of the horizontal line l = 0 as a “trunk” and the
vertical lines k = c as branches. In each point (k, l) with l 6= 0 there are two non-tree
(horizontal) edges, with labels x and x−1. They go to the vertices (k+1, l) (k− 1, l).
On the loop λ going on the tree from (0, 0) to (k, l), then, say, to (k + 1, l), then on
the tree back to (0, 0), we read the label xkylxy−lx−k−1, which is one of the elements
of the free basis of F ′2. If we follow the opposite direction from (k, l), then we obtain
another generator xkylx−1y−lx−k+1. We do this for every vertex (k, l), l 6= 0. If k 6= 0,
then one of the generators has length 2|k| + 2|l| + 2, while the other 2|k| + 2|l|. If
k = 0, both generators have length 2|k|+ 2|l|+ 2 = 2|l|+ 2.
As a result, all, except four points on the rhombus |k|+ |l| = n (4n− 4, in total)
produce 4n − 4 free generators of F ′2 of length 2n + 2 and 4n − 4 free generators of
length 2n. The vertices (0, n) and (0,−n) produce 4 free generators of length 2n+ 2.
The vertices (n, 0) and (−n, 0) do not produce free generators. Altogether, from this
rhombus we have 4n free generators of length 2n + 2 and 4n − 4 free generators
of length 2n. Hence the total number of free generators of length 2n is equal to
4(n − 1) + (4n − 4) = 8n − 8. This allows us to write the Hilbert series for this
particular free basis of F ′2 in the form
∑∞
n=1(8n − 4)t2n = 8t
4
(1−t2)2
. It should be noted
that this series generates the symmetric free basis. Indeed, the label of the loop λe
built using a point (k, l) going “eastward”, that is, with the help of label x is an
inverse element for the loop λw built using a point (k, l) going “westward”, that is,
with the help of label x−1. This explicit construction confirms the series we have
obtained using Bahturin - Olshanskii’s formula (7.2).
We remark that the number of geodesic Schreier transversals for F ′2 is uncount-
able, because we can draw uncountably many maximal subtrees in the graph Γ(F2/F
′
2),
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which is an integral lattice on the real plane. This is an inductive process: once we
have drawn a maximal subtree in the sphere Sn of radius n (rhombus |k| + |l| = n)
we arbitrarily connect each point of Sn+1 with exactly one point in Sn. By induction,
this process leads to a maximal subtree T of Γ. To make sure the tree is geodesic,
the branches must be shortest paths from the root.
As a result of our calculations, we have obtained a free geodesic Schreier basis of
F ′2 is the form
{wk,l = xk−1ylxy−lxk, where k, l ∈ Z, l 6= 0}.
There are a number of other known bases of F ′2, which are not Schreier, for example
{uk,l = [xk, yl] | k, l ∈ Z, k, l 6= 0}. Many bases or various terms of the lower central or
derived series of free groups are found in [10]. One, for F ′2 consists of the commutators
[x, y±1, ..., y±1︸ ︷︷ ︸
k
, x±1, ..., x±1︸ ︷︷ ︸
l
]. Clearly, the series for various bases can be very different.
Actually, even for F2 an application of a Tietze transformation produces a free basis
{x, yx}. The Hilbert series for the standard basis is 2t while for the modified one
t+ t2.
7.4 Subgroups of Infinite Index in Free Groups
Suppose X is a finitely graded set. Set X0 = ∅. Then, we define a formal power series
H˜(X, t) =
∞∑
n=1
a(n)tn,
where, for each n ≥ 1,
a(n) =
1
4
|X2n−2|+ 1
2
|X2n−1|+ 1
4
|X2n|.
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The following theorem is a generalization of the Schreier index theorem in the case of
subgroups of infinite index (see [5]).
Theorem 7.4.1. Let Fr be a free group of rank r ≥ 1, and let H be a subgroup of
Fr. Then there exists a symmetric basis B of H such that
H˜(B, t) =
(
rt− t+ 1
2
)
H (Fr/H, t) + t+ 1
2
.
Let X be a finitely graded set, and consider the formal power series H˜(X, t). We
could write
∞∑
n=1
|X2n| tn =
∞∑
n=1
|X2n|
(√
t
)2n
=
1
2
(
H(X,√t)
)
+
(
H(X,−√t)
)
.
Similarly,
∞∑
n=1
|X2n−2| tn =
(√
t
)2 ∞∑
n=1
|X2n−2|
(√
t
)2n−2
=
(√
t
)2
2
(
H(X,√t)
)
+
(
H(X,−√t)
)
.
Also notice that
∞∑
n=1
|X2n−1| tn =
√
t
∞∑
n=1
|X2n−1|
(√
t
)2n−1
=
√
t
2
(
H(X,√t)
)
−
(
H(X,−√t)
)
.
It follows then that
4H˜(X, t) =
∞∑
n=1
(|X2n−2|+ 2 |X2n−1|+ |X2n|) tn
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=
1 +
(√
t
)2
2

(H(X,√t) +H(X,−√t))+√t (H(X,√t)−H(X,−√t))
=
(
1 +
√
t
)2
2
H(X,√t) +
(
1−√t
)2
2
H(X,−√t).
As a result, we have proven the following lemma.
Theorem 7.4.2. Let X be a finitely graded set, and consider the formal power series
H˜(X, t). Then, with some calculations and derivations, we may write H˜(X, t) as
H˜(X, t) =
(
1 +
√
t
)2
8
H(X,√t) +
(
1−√t
)2
8
H(X,−√t).
7.5 Actions by Free Group Algebras
According to ([18]), we have the following theorem.
Theorem 7.5.1 (Lewin). Let G be a free group of rank r, M is a free FG-module
of rank k, and N is a submodule of M of finite codimension. Then N is free with
rankN = (r − 1)dim(M/N) + k.
The following lemma allows us to obtain a generalization of the Lewin’s formula
in a special case.
Lemma 7.5.2 ([16, page 20]). Let G be a free group, R = FG be its group algebra,
and K is a subgroup of G on a set of free generators Y = {yj | j ∈ J}. Then IK =
{(k − 1)R | k ∈ K} is a right ideal of R. Moreover, it is free as R-module with the
generators Y˜ = {yj − 1 | j ∈ J}.
We will consider the degree function given by Lewin ([18]). Let R = FG be the
group algebra of a free group G freely generated by X = {xi | i ∈ I}. Let M be a
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free right R-module with basis B = {eλ | λ ∈ Λ}. If w = x1i1 . . . xnin is an element of
G, then the element m = eλw is called a monomial of M . An element ceλw (c ∈ F )
is called a monomial term of M . Recall that the notion of degree for an element
w ∈ G is replaced by the minimal length of word representing w. Then, The length
function on G induces a degree function d on R. If we assign degree 0 to the eλ’s,
then we also have, in the obvious way, a degree again called d on the module M .
Indeed, if m = α1ej1w1 + · · · + αkejkwk, αi ∈ F, eji ∈ B,wi ∈ G, i = 1, . . . , k where
d(w1) ≤ d(w2) ≤ · · · ≤ d(wk), then d(m) = d(wk). In particular, if M = R and
N = IK (K is a subgroup of G, then the Hilbert series of R/IK equals the Hilbert
series of the quotient group G/K. Thus, using Theorem 7.4.1, we have the following
result.
Theorem 7.5.3. Let G be a free group of rank r, and K be a subgroup of G. Then
there exists a set of free generators Y of IK as R-module with
H˜(Y, t) =
(
rt− t+ 1
2
)
H (R/IK , t) + t+ 1
2
.
Moreover, if K is an even subgroup, then
H(Y, t) = 2
(
2rt2
t2 + 1
− 1
)
H
(
R/IK , t
2
)
+ 2.
Let G be a free group and K be a subgroup of G such that [G : K] is finite. Then
the set Y (in the theorem above) and G/K are finite. Also, one can easily get
H˜(Y, t) = 1
2
H(Y, t) = rankIK .
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Therefore, if we replace t by 1 in H˜(Y, t) and H (R/IK , t), we get
rankIK = (rt− 1)[R : IK ] + 1,
which is the Lewin’s formula in this case (rankR = 1).
The Schreier-Lewin formula (Theorem 7.5.1) tells us that in a free group algebra
of finite rank, any right ideal I of finite codimension is finitely generated. We will
show below that the theorem holds more generally.
Theorem 7.5.4. Let G be a group generated by r elements, and let R = FG be its
group algebra. Then any right ideal I of finite codimension m in the group algebra
R = FG can be generated by (r − 1)m+ 1 elements.
Proof. Write F for the free group algebra of rank r, so that R ∼= F/n for some
ideal n of F . The right ideal I of R corresponds to a right ideal J of F containing n
with R/I ∼= F/J as right F -spaces and dim(F/J) = m. According to Theorem 7.5.1,
J is free as right F -module of rank (r− 1)m+1. Hence I = J/n can be generated by
(r − 1)m+ 1 elements. 
7.6 Schreier Formulas for Cocommutative Hopf Al-
gebras
Any cocommutative Hopf algebra H over a field F of characteristic 0 is, as an algebra,
a smash product U(P (H))#ϕFG(H) (Theorem 1.2.7). So the structure is completely
determined by P (H), G(H), and the action of G(H) on P (H) by automorphisms.
If K is a Hopf subalgebra of H, then K is completely defined by P (K), which is a
subalgebra of P (H) invariant under the action of G(K), which is a subgroup of G(H).
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The action of G(K) on P (K) is just the restriction of the action of G(H) on P (H).
If P (H) is a free Lie algebra with free basis X and G(H) a free group with free basis
A then also P (K) is a free Lie algebra, with some free basis Y , and G(K) is a free
group. Our versions of Schreier formula allow us to find the Hilbert series, each in its
own sense, for X and B.
If F has characteristic p, we consider the smash product H of the free associa-
tive algebra F 〈X〉 and group ring of the free group FG, where G is of finite rank.
Then P (H) is the free restricted Lie algebras. Consider Hopf subalgebras of the form
K = u(D)#FN , where D is a p-subalgebra of M = P (H) = Lp(X) and N is a
subgroup of G. Then if you have codimension M/D and index of N in G, you can
find finite bases forD andN , hence an upper bound for the number of generators inK.
Let V be a vector space, which is a free module of rank s over a free group algebra
FG of a free group G of rank r. Let U be a submodule of V . We know that this
is a free FG-module. Let us generate by V a free Lie algebra L(V ) and consider in
L(V ) the Lie subalgebra L(U) generated by U . If x1, . . . , xr is a free basis of G, and
e1, . . . , es is a free basis of V , then as in [18], we have the degree defined on V in
terms of length of words, with respect to x1, . . . , xr. By our generalization of Lewin’s
formula the Hilbert series of the free basis B of U is determined by the Hilbert series
of V/U . The basis A of L(V ) as a free Lie algebra is the basis of V as a vector space.
Thus we have a finitely graded free basis A of L(V ). Likewise, we have a finitely
graded basis of L(U). Schreier formula for free Lie algebras (Corollary 3.2.5) allows
one to find the Hilbert series of L(V )/L(U). In particular, if V is a free (right) FG-
module of rank 1, H is a subgroup of G, and IH is the (right) submodule of V (see
Section 2.5), then we know the Hilbert series for the natural free basis of IH (Lemma
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7.5.2). In case H is even this is given by the Schreier formula from [5]. Then, by
applying Petrogradsky’s formula (Corollary 3.2.5), one can find the Hilbert series for
L(V )/L(IH).
Let H be an even subgroup of a free group G of rank r, with free Schreier basis
Y built by a Schreier transversal T . Any y ∈ Y can be written a reduced word
y = a(y)b(y)−1 where l(a(y)) = l(b(y)) (since the length of y is even). Then the
(right) ideal IH is freely generated as FG-module by the elements v(y) = a(y)− b(y),
for y ∈ Y (Lemma 7.5.2). Also, we have
Lemma 7.6.1. The Hilbert series for the submodule v(y)FG equals tkH(FG, t),
where y ∈ Y , l(y) = 2k.
Proof. Since y = a(y)b(y)−1 is reduced, the last letters of a(y) and b(y)−1 are not
mutually inverse, so that for any reduced word c, we have (a(y) − b(y))c has length
k + l(c). For different c, we obtain different elements of length k + l(c). As a result,
the Hilbert series for this submodule is tkH(FG, t), as needed. 
Now the Hilbert series for IH can be found as follows. We know the Hilbert series
for the set Y of free generators of H given by
H(Y, t) = 2
(
2rt2
t2 + 1
− 1
)
H
(
T, t2
)
+ 2 =
∞∑
k=1
α2kt
2k.
If we write each y ∈ Y as y = a(y)b(y)−1, then the Hilbert series for Z = {a(y)− b(y)−1 | y ∈ Y }
will be
∑∞
k=1 α2kt
k. Then the Hilbert series for IH will be
H(IH , t) =
(
∞∑
k=1
α2kt
k
)
H(FG, t)
= H(Y,√t) 1 + t
1− (2r − 1)t
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=
(
2
(
2rt
t+ 1
− 1
)
H (T, t) + 2
)(
1 + t
1− (2r − 1)t
)
= −2H(T, t) + 2(1 + t)
1− (2r − 1)t
= 2(H(FG, t)−H(T, t)).
Thus, by Corollary 3.2.5,
2(H(FG, t)−H(T, t))− 1
H(FG, t)− 1 = E(H(L(V )/L(IH))),
and so
H(L(V )/L(IH)) = L
(
2(H(FG, t)−H(T, t))− 1
H(FG, t)− 1
)
.
Example 7.6.2. According to the above formula and our calculations in Section
7.3, we can compute H(L(FG)/(L(IFG′))), where G is a free group of rank 2 and G′
is its commutator subgroup, as follows
H(L(FG)/(L(IFG′))) = L

2
(
1+t
1−3t
− (1+t)2
(1−t)2
)
− 1
1+t
1−3t
− 1

 .
104
Bibliography
[1] Artamonov, V., On varieties of bounded lie algebras, Siberian Mathematical Jour-
nal, Vol. 15, 1975, 839–850.
[2] Bahturin, Y., On Lie subalgebras of associative PI-algebras, J. Algebra 67, 1980,
257 – 271.
[3] Bahturin, Y., Identical relations in Lie algebras, VNU Science Press, b.v.,
Utrecht, 1987.
[4] Bahturin, Y., Mikhlev, A., Petrogradsky, V. and Zaicev, V., Infinite dimensional
Lie superalgebras, de Gruyter Exp. Math. 7, Berlin 1992.
[5] Bahturin, Y., Olshanskii, A., Schreier rewriting beyond the classical setting, Sci-
ence in China Series A: Mathematics, 52, 2009, 231–243.
[6] Bahturin, Y., Olshanskii, A., Actions of maximal growth , Proc. London Math.
Soc., 3 101, 2010, 27–72
[7] Bahturin, Y., Olshanskii, A., Growth of subalgebras and subideals in free Lie
algebras, Journal of Algebra 422, 2015, 277–305.
[8] Cohn, P. M., Free rings and their relations, second edition, Academic Press Lon-
don Mathematical Society Monograph No. 19, 1985 .
105
[9] Dobrynin, N., Duchamp, G., Mikalev, A., and Petrogradsky, V., On free p-
superalgebras, Commun Algebra 28, 2000, 5275–5302.
[10] Hurley, T., Ward, W., Bases for commutator subgroups of a free group, Proc.
Roy. Irish Ac., 96(A), 43–65, 1996.
[11] Kang, S.-J and Kim. M-H Free Lie Algebras, Generalized Witt Formula, and the
Denominator Identity, J. Algebra 183 (2), 1996, 560–5594.
[12] Kang, Seok-Jin, Graded Lie superalgebras and the superdimension formula, J.
Algebra 204 (2), 1998, 597–655.
[13] Klementyev, S., Petrogradsky, V., Growth of Solvable Lie Superalgebras, Comm.
Algebra 33, no.3, 2005, 865–895.
[14] Kukin, G., Subalgebras of free Lie p-algebras, Algebra i Logika 11, No. 5, 535–550,
1972.
[15] Kuzmin, Yu.V. Free center-by-metabelian groups, Lie rings and D-groups,
IzvestiyaAcad Nauk SSSR, 41, 1977, 3–33.
[16] Lam, T. Y., Lectures on Modules and Rings, Graduate Texts in Mathematics,
Vol. 189, Springer-Verlag, New York, 1999.
[17] Lyndon, R., Schupp, P., Combinatorial Group Theory, New York: Springer-
Verlag, 2001.
[18] Lewin, J., Free modules over free algebras and free group algebras: the Shreier
technique, Transmer Math Soc, 145, 1969, 455-465.
[19] Montgomery, S., Hopf Algebras and Their Actions on Rings, CMBS, 82. 1993.
106
[20] Mikhalev, A. A., Subalgebras of free colored Lie superalgebras, Mat. Zametki 37,
1985, 653–661; Math Notes, 1985 356–360.
[21] Mikhalev, A. A., Free color Lie superalgebras (Russian), Dokl. Akad. Nauk SSSR
286, No. 3, 1986, 551–554; Engl. transl., Soviet. Math. Dokl. 33, No. 1, 1986, 136–
139.
[22] Mikhalev, A. A., Subalgebras of free Lie p-superalgebras (Russian), Mat. Zametki
43 No. 2, 1988, 178–191; Engl. transl., Math Notes. 43, No. 1–2, 1988, 99–106.
[23] Musson, I. M., Lie Superalgebras and Enveloping Algebras , American Mathe-
matical Society, 2012, 131.
[24] Petrogradsky, V., Exponential Schreier’s formula for free Lie algebras and its
applications, Algebra 11, J. Math. Sci. (New York) 93 (6), 1999, 939–950.
[25] Petrogradsky, V., Schreier’s formula for free Lie algebras, Arch Math (Basel),
75, 2000, 16–28.
[26] Petrogradsky, V., Characters and invariants for free Lie superalgebras, Algebra i
Analiz 13 (1) (2001) 158–181; English transl.: St. Petersburg Math. J. 13, 2002,
107–122.
[27] Petrogradsky, V., On generating functions for subalgebras of free Lie superalge-
bras, Discrete Mathematics, 246 2002, 269–284
[28] Petrogradsky, V., Witt’s formula for restricted Lie algebras, Advances in Applied
Mathematics 30, 2003, 219–227
[29] Petrogradsky, V., Enumeration of algebras close to absolutely free algebras and
binary trees, J. Algebra, Vol. 290, No. 2., 2005, 337–371.
107
[30] Radford, D. E., Hopf Algebras, World Scientific publishing Co, 2012.
[31] Rentenauer, C., Free Lie algebras, Oxford University Press, 1993.
[32] Rittenberg, V., Wyler, D., Sequences of Z2⊕Z2 graded Lie algebras and superal-
gebras, J. Math. phys. 19, 1978, 2193–2200.
[33] Rotman J, An introduction to the theory of groups, Fourth ed. Graduate Texts
in Mathematics, 148. Springer-Verlag, New York, 1995.
[34] Scheunert, M., Generalized Lie algebras, J. Math. Phys. 20, 1979 712—720.
[35] Scheunert, M., The theory of Lie superalgebras. An introduction, Lect. Notes
Math. 716, 1979.
[36] Shirshov, A. I., Subalgebras of free Lie algebras, Mat. Sb, 33, 1953, 441-452.
[37] Smith, M., Universal enveloping algebras with subexponential but not polynomi-
ally bounded growth, Proc. Am. Math. Soc. 60, 1976, 22–24.
[38] Sweedler, M. E., Hopf Algebras, Mathematics lecture notes series, W. A. Ben-
jamin, Inc., New York, 1969.
[39] Ufnarovsky, V. A., Combinatorial and asymptotic methods in algebra, Itogi Nauki
i Tekhniki 57, Moscow 1989; Engl. transl., Encyclopaedia Math.Sci.57, Algebra
VI, Berlin-Heidelberg-New York 1995.
[40] Ulrich Oberst and Hans Jürgen Schneider,Untergruppen formeller gruppen von
endlichen index, J. Algebra 31, 1974, 10–14.
[41] Umirbaev, U.U.Word problem for center-by-metabelian Lie algebras, Algebra and
Logic, 23, 1984, 305–318.
[42] Witt, E., Die Unterringe der freien Lieschen Ringe, Math. Z. 64, 1956, 195-216.
108
